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ABSTRACT 
The mechanical properties of near hard sphere suspensions are studied from low frequency to high 
frequency terminal regions as a function of frequency and strain. The volume fraction dependence of 
experimentally observable characteristic time scales are reported- the longest relaxation time and two cross 
over times: the first denoting the end of the low frequency terminal region where the linear storage modulus 
first exceeds the loss modulus and the high frequency cross over time where loss modulus exceeds the 
storage modulus. At low frequencies where the viscous behavior dominates, the onset of nonlinearities is 
driven by increases in rate of strain. At higher deformation frequency, where suspension mechanics is 
dominated by an elastic response, the nonlinear responses occur when deformation exceeds a characteristic 
strain. This strain is associated with the transient confinement of particles by nearest neighbors and its 
volume fraction dependence is through cage parameters derived from the high frequency elastic modulus. 
The onset of nonlinear responses takes on a universal behavior when deformation frequency is normalized 
by the characteristic time governing the shift from viscous to elastic behavior at low frequency indicating 
that this transition is associated with transient particle localization and is expected to be observed for all 
volume fractions where pair interactions are important. Small angle neutron scattering experiments were 
used to characterize the suspension microstructure under steady shear and in the low frequency terminal 
region and the resulting scattering was expanded using spherical harmonics. The coefficients of the 
spherical harmonics are successfully used to predict the stress response of the microstructure under steady 
shear, and, for the first time, for near hard sphere suspensions, under oscillatory shear. 
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CHAPTER 1 
INTRODUCTION 
1.1 Basic properties of Colloidal Suspensions 
Colloidal suspensions are generally composed of a dispersed phase that is suspended in a liquid medium. 
These suspensions can take the form of gels, emulsions, foods, and are common in biological systems.  
Common examples include milk, paints, blood and toothpaste. The dispersed phase is acted upon by many 
forces – Brownian, hydrodynamic and surface to surface interactions. These forces are largely responsible 
for ensuring miscibility of the colloids within the dispersed medium and control the state of aggregation.  
Particle interactions can often be described as long or short range compared to the particle1–3. Key to the 
behavior of the suspension are thermal forces. These arise from the solvent being in equilibrium and through 
the equipartition of energy in the system. The dispersed phase also experiences these thermal forces giving 
rise to Brownian motion with the result that the particles display equilibrium phase behavior. Long range 
interactions can be attractive or repulsive. The most fundamental type of interaction is short range which 
involves volume exclusion. If particles only feel short range repulsions that prevent overlap, the interaction 
is referred to as hard. A great deal of work has been done to account for the effects of dispersed phase 
volume fraction when that dispersed phase interacts with only volume exclusion and attractive forces4–7. 
Starting with the model system of particles being composed of uniformly sized spheres experiencing 
attractions, a generalized equilibrium phase diagram can be created. As can be seen in fig. 1.1(a)1, on 
increasing the attraction between particles, they tend to form gels at low volume fractions. In contrast to 
this, for hard sphere dispersions, the phase behavior is unaffected by temperature. As such, their low volume 
fraction suspensions are fluidic in nature. Fig. 1.1(b)1 shows that on increasing the volume fraction of hard 
spheres of uniform size, the system goes through a fluid-crystal phase transition when the particle volume 
fraction is 0.49 and the crystal phase has a volume fraction of 0.55. For polydispersed suspensions, the 
crystalline phase does not exist and the suspensions become increasingly viscous and take on glassy 
behavior as the volume fraction is raised. In this thesis, the suspensions will largely be composed of narrow 
size distribution silica particles suspended in a polymer that do not crystallize. The particle size distribution 
is sufficiently large that crystallization is not experienced.  
This thesis focusses on the mechanical and microstructural behavior of suspensions of narrow size 
distribution near hard sphere particles as particle volume fraction is increased. Under these conditions, the 
mechanical properties of the suspension’s  steady shear viscosity increases many orders of magnitude as 
volume fraction is increased from 0.45- 0.558–11.  The origins of the enormous increase in viscosity have 
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seen a great deal of study and are attributed to particles becoming arrested such that long time self-diffusion 
is very slow. This behavior is linked to molecular glass formation.  A general consensus has developed over 
the past 15 years that characterizes glass formation as resulting in divergence in the characteristic time for 
long range diffusion to take place9,10,12,13. Qualitatively this can be understood as resulting from cooperative 
rearrangements required for particles to exchange nearest neighbors in dense suspensions. At all volume 
fractions where particles experience pair interactions, a central particle is understood to have a nearest 
neighbor cage of confining particles.  The deformation of this cage structure gives rise to the suspensions 
elastic response8,14. At low volume fractions there is a single characteristic relaxation time associated with 
the time required to establish long range self-diffusion. As the volume fraction of hard spheres is increased 
above a value of ~0.45, two time scales emerge.  Particles explore their nearest neighbor cage with a 
characteristic time  .  However, long range diffusion requires cooperative rearrangements. As the 
suspension becomes denser these events become rarer establishing a second characteristic time ,   
associated with the time to establish long range diffusion. In this region, particles are said to be dynamically 
arrested. That is, if observed on a time scale smaller than  , the suspension lies in a solid state but if 
observed on a time scale longer than  , the suspension will be a (highly) viscous fluid. In this thesis, we 
use the dynamic localization theory of Schweizer and colleagues to characterize cage characteristics and 
cage relaxation behavior15–17.  
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Fig. 1.1: (a) Phase behavior of colloidal suspensions as a function of volume fraction,   and the short 
distance attraction parameter, 0kT U , where 0U  is the strength of attraction at contact
1 (b) Phase behavior 
of hard sphere suspensions as a function of volume fraction1 
The experimental system studied here is composed of particles suspended in a low molecular weight 
polymer melt. This system is chosen as the polymer matches the particle index of refraction and thus 
minimizes van der Waals attractions. The polymers have degrees of polymerization of 4-8 monomer units 
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and the melts are Newtonian fluids at room temperature.  Never-the-less, the internal degrees of freedom 
of these solvent molecules are known to affect the state of particle dispersion. If the solvent molecules do 
not adsorb to the particle surface, the solvent excludes the particles through depletion forces18–20.  If the 
solvent molecules absorb too strongly to the particle surface, there will be bridging of solvent molecule 
between particle surfaces giving rise to particle aggregation. The impact of solvent interaction to with the 
particle surface has been quantified in the work of Schweizer and coworkers through the Polymer Reference 
Interaction Site Model (PRISM)19. The impact of particle-polymer interaction on the suspension has been 
studied in detail and has been shown in fig. 1.2. The strength of particle-polymer interactions is 
characterized through pc , which is defined as contact energy in between polymer and particle scaled on 
of the system’s thermal energy, kT. At low pc , the polymer-particle interaction is weak causing the 
particles to aggregate leading to phase separation. At higher pc , the polymer-particle interaction is enough 
that the polymers adsorb onto the particle surface providing them miscibility. At very high pc , the 
interaction energy is so high that the polymers get adsorbed onto multiple particles leading to “bridging” 
aggregation. This again leads to phase separation in the suspension.  
 
Fig 1.2: Phase behavior of polymer composites as a function of attraction parameter, pc , between the 
polymer and the colloid21. 
In the miscible region, the solvent absorbs to the particle surface forming a layer of solvent with limited 
mobility with an extent that scales on the polymer radius of gyration22. Thus, the particles experience 
repulsive surface to surface interactions that have a range of the solvent radius of gyration.  
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In this work, two types of suspension studied: silica particles in polyethyle glycol (PEG) with a molecular 
weight of 400 g mol  and radius of gyration of 0.8 nm and silica particles in polytetrahydrofuran (PTHF) 
with a molecular weight of 250 g mol  and radius of gyration of 0.7 nm. These solvents were chosen 
because of their similar chemical structures as shown in fig. 1.3. In the work by Kim et al., the authors 
employed multiple quantum NMR techniques to prove the presence of an immobile layer of PEG on the 
silica particles22. These studies provide quantitative experimental proof that the silica-PEG suspension lies 
in the miscible region of pc
23.   
 
Fig. 1.3: Chemical structures of (a) polyethylene glycol (PEG) and (b) polytetrahydrofuran (PTHF). n=8 
for PEG and n=4 for PTHF for the suspensions studied in this thesis. 
1.2 Suspension Mechanics 
As discussed in more detail in subsequent chapters, the experimental systems studied in this thesis 
investigates suspension mechanical behavior as particle volume fraction is increased. Here we work with 
steady and oscillatory shear. In oscillatory shear, the fundamental variables are the applied frequency   
and the strain amplitude, 0 . For a material with characteristic relaxation time  , we define Deborah 
number as De= . This parameter compares the rate of deformation to the rate at which the material can 
respond to the deformation.  As De increases, we expect the material to behave increasingly like a solid. 
For each De we can vary 0 . At low 0 , we anticipate we will observe linear responses at all De. (i.e., the 
stress and strain are linearly proportional to one another). As 0  is increased we will observe nonlinear 
behavior.  Thus in an oscillatory process we can plot 0 as a function of De and map out where we have 
linear and nonlinear behavior. This process is complicated when trying to understand steady shear which 
occurs at De=0.  Instead we define a Weissenberg number as 0 0 0Wi= De     where 0  is the 
maximum rate of strain the sample experiences during the steady shear or within an oscillatory cycle. In 
this formulation, at De=0, increasing Wi gives us the change in steady shear rate and we can thus discuss 
the behavior of steady and oscillatory flow in the same representation. When a Pipkin24 plot (fig. 1.4) is 
built by plotting Wi as a function of De we expect linear behavior at low Wi for all De and increasingly 
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solid like behavior as De is increased at all Wi. For a fixed De as we increase Wi we will transition from a 
linear mechanical response to nonlinear behavior. Experiments along the axis indicate steady shear 
experiments with De=0 and linear viscoelastic frequency sweep with Wi = 0. While steady shear viscosity 
 
 
 
 
 and time dependent relaxation modulus, ( , )G t  work as good starting points of material response 
under intense loading conditions, there is a rich field of information to be studied in the nonlinear response 
of the suspensions to applied steady and oscillatory shear. In this work, we study the nonlinear response of 
the material systems by dividing the Pipkin space into 3 sections: Small amplitude oscillatory shear 
(SAOS), Medium amplitude oscillatory shear (MAOS) and Large amplitude oscillatory shear (LAOS).   
 
Fig. 1.4: The two dimensional plot of nonlinear rheology of complex fluids as a function of applied 
frequency and strain rate, each normalized with characteristic time,  , to give De and Wi respectively. 
Also shown are the 3 regions of the Pipkin space along with steady shear experimental region.  
The focus in this work is on the nonlinear suspension responses. We explore the onset of nonlinear behavior 
as a function of rate of deformation. Thus our goal is to explore the full range of data represented by the 
Pipkin space above. Linear responses in the SAOS region are used to identify characteristic time scales. In 
this region, oscillatory shear alters the microstructure in a linear manner. Of particular interest are changes 
to microstructure as the non-linear regimes are entered.  
Since a nonlinear rheological response of any material is multidimensional and quite complex, in this work, 
we follow the approach of Ewoldt and coworkers25,26 where we take a power series expansion, in strain 
Steady 
Shear
Nonlinear: LAOS
Intrinsic Nonlinear: MAOS
De
Wi
Linear Viscoelastic: SAOS
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amplitude, of the Fourier-Chebyshev representation of the stress tensor. This approach defines intrinsic 
nonlinear parameters that have been shown to provide useful microstructural information by means of 
available physical interpretation and various constitutive models27,28. For an input simple shear strain given 
by: 
0( ) sint t           (1.1)   
where 
0  is the strain amplitude and   is the applied strain frequency, the resultant shear stress can be 
expressed as a Fourier series: 
 0 0 0 0
:odd
( ; , ) ( , )sin ( , )cosn n
n
t G n t G n t               (1.2) 
Employing the Chebyshev series (to provide interpretations of third harmonics) and a power series 
expansion with respect to input amplitude leads to the following results: 
        2 41 0 1 0 0, LVEG G e O            (1.3) 
      2 43 0 3 0 0,G e O           (1.4) 
      2 41 0 1 0 0( , ) LVEG G v O             (1.5) 
      2 43 0 3 0 0,G v O           (1.6) 
The resultant intrinsic nonlinearities,        1 3 1 3, , ,e e v v  are functions of applied frequency alone and will 
be used to probe suspension microstructure at different strain frequencies.  
The above construct is also useful in studying the stress response at higher strain amplitudes, well outside 
the MAOS region. The n-th order stress response is defined as: 
0 0,n n n nG G               (1.7) 
In the above equations, both the elastic and viscous stresses are a function of applied frequency and strain 
amplitude. The decomposed stresses along with Lissajous plots of the full waveform data have been used 
to study the large amplitude stress response of the suspensions. 
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1.3 Study of Microstructure 
Many scattering studies have been used to investigate the microstructure of suspensions under quiescent 
and steady shear flow conditions29–32. Under steady shear, De=0 but Wi increases. Dense hard sphere 
systems shear thin and subsequently shear thicken as the applied shear rates are increased. Scattering 
measurements have shown that particles tend to align at low shear rates leading to a decrease in the viscosity 
of the fluid. With increasing shear rates, hydroclusters begin to form which eventually lead to increase in 
viscosity leading to shear thickening. The Wagner group has used small angle neutron scattering (SANS) 
to demonstrate this on silica-PEG system33–35.  
 
Fig 1.5: Idealized linear viscoelastic response of dense colloidal suspensions as a function of applied 
frequency1.  
We study the linear viscoelastic response at very low Wi but increasing De. At small De, the suspensions 
studied show a terminal region with 
2G   and G  .  In dense suspensions, there is a cross over at 
De=1, to a situation where G  passes through a maximum while G  approaches a plateau value.  At high 
De, G goes through a minimum and grows again signifying the onset of affine deformation where stress 
transfer is dominated by hydrodynamic interactions between particles whose microstructure is deformed in 
an affine manner. This response has been shown in fig. 1.5. The Weitz group studied hard sphere 
suspensions using dynamic light scattering and correlated the loss and storage moduli to the mean square 
displacement of the colloidal particles using the generalized Langevin equation36. These studies 
characterized the equilibrium or zero strain limit (Wi<<1). Also, this study was limited to caged regime of 
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the dense colloidal suspension where   . More scattering data is needed to understand the 
microstructure at low volume fraction when the suspension hasn’t entered the glassy region. 
At a fixed De, on increasing Wi, the suspension behavior eventually becomes nonlinear. While the rheology 
of hard sphere suspensions under nonlinear flow has been studied in detail, there are not many studies that 
focus on the microstructural changes. Additionally, not many scattering studies have been done in the plane 
of shear. There are 3 directions in an oscillatory shear deformation, , ,v v  . Steady shear studies on 
hard sphere systems have shown that though data from either v v  or v   plane gives valuable 
information about the deformation of microstructure under flow, observing one plane alone does not 
provide the complete picture. As can be seen in fig. 1.6, images from the shear cells have to be taken in 2 
planes using radial and tangential view of the Couette cell geometry to fully understand the microstructural 
deformation.  
 
Fig. 1.6: Scattering intensity (using 2D SANS) on hard sphere system with 0.53   under steady shear 
flow along (a) velocity and (b) vorticity directions37. Detailed patterns can be seen in Watanbe et al, 
Rheological Acta, 1998. 
At the microstructural level, the main shearing action takes place in v v plane as shown in fig. 1.7. Thus, 
in this thesis, we focus on this plane to detect small changes in microstructure as the material is sheared 
under different conditions.  
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Figure 1.7: Diagram illustrating v v plane in a shear cell  
In this work, we use small angle neutron scattering to study the microstructure of silica-PEG suspension at 
Wi=0, De=0, which is often referred to as the quiescent stage. The suspension is then studied under high 
steady shear and under large amplitude oscillatory shear with De <<1 and De>>1. In order to study the 
change in microstructure within an oscillatory cycle, the stroboscopic time-resolved neutron scattering data 
was binned, where the average of each bin referred to a specific instantaneous strain rate. The scattering 
was done in the plane of shear in the velocity-velocity gradient plane and the resulting scattering image was 
decomposed using spherical harmonics35,38,39 (i.e. 2D projections of spherical harmonics onto concentric 
rings at a specific wave vector, q value). The coefficients of these harmonics were used to study the stress 
transfer from the microstructure onto the observed rheology.  
This thesis has been divided into 5 chapters. In chapter 2, we study the intrinsic nonlinear flow of silica-
PEG suspension foe De<<1 and De>1. We study the flow in the terminal regime and characterize it by 
comparing it to hard sphere structure predicted by dynamic localization theory. We test our conclusions 
from chapter 2 by changing the solvent to PTHF which is chemically similar to PEG in chapter 3. In chapter 
4, we go beyond the MAOS regime. We use big silica particles to study the nonlinear flow of suspensions 
at low De in the low frequency terminal region, in the plateau region and at very high De, where the linear 
viscous response approaches high shear viscosity. In chapter 5, the microstructure of near hard sphere silica-
PEG suspensions under steady shear and in the terminal regime are studied using small angle neutron 
scattering. In chapter 6, we provide our conclusions. 
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CHAPTER 2 
INTRINSIC NONLINEARITIES IN THE MECHANICS OF HARD SPHERE 
SUSPENSIONS† 
2.1 Introduction 
Under oscillatory deformation, for small applied strains,   , and rates of strain, 

 , materials respond in a 
linear manner, e.g. doubling the strain amplitude doubles the stress amplitude. Nonlinear responses, where 
stress is no longer directly proportional to changes in strain or strain rate are observed as the input amplitude 
exceeds a critical value; in general this may be either a critical strain cr  or a critical strain rate cr

, 
depending on the nature of the deformation.  Here we explore the onset of nonlinearity in flow behavior of 
near hard sphere suspensions as a function of oscillatory strain frequency.  We work with suspensions where 
we are able to measure the terminal, low strain frequency behavior where the suspensions primarily show 
a viscous response. We choose volume fractions where, upon increasing strain frequency, we can also 
observe the cross over to where the suspensions respond primarily in an elastic manner.   The cross over 
frequency, x, defines the shift from fluid-like to solid-like behavior and is used to define the characteristic 
relaxation time of the suspension, x: 
1 ; ( ) ( )x x LVE x LVE xG G         (2.1) 
 
 
 
 
 
 
†Reprinted with permission from: Kumar et al, “Intrinsic Nonlinearities in the Mechanics of hard Sphere 
Suspensions”, Soft Matter, 2016 (12), 7655 
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Here ( )LVEG   and ( )LVEG   ae the linear elastic and loss moduli at oscillatory frequency . In oscillatory 
flow at sufficiently short timescales of loading ( 1xDe    ) hard sphere suspensions appear to be solid 
and respond primarily in an elastic manner.  This response is associated with particles being localized by 
nearest neighbor cages of particles on the time scale of the deformation.  If the suspension is deformed with 
the same load over longer times,(i.e., De<<1)  viscous flow is observed. This response is associated with 
the particles having sufficient time to diffuse out of transient localizing potential produced by interactions 
with nearest neighbors. The critical amplitude of either strain or strain-rate required to generate irreversible 
deformation is thus dependent on the timescale of loading. We focus on regimes where the deformations 
are driven at frequencies both smaller than ( 1De   ) and longer than ( 1De  ) the dominant phase change 
time of the material and in the process explore the transient nature of particle localization.  
In the colloidal glass and gel literature, yielding has often been characterized through strain amplitude 
sweeps at a given deformation frequency.  In these experiments, the  yield strain, y  ,  is often defined as 
that where the first harmonic elastic modulus equals the viscous modulus1–5. This definition arises from the 
observation that for glasses and gels, 1 1G G  at low strain amplitude while at large strain amplitude there 
is a crossover past which 1 1G G  . y  is taken as a surrogate for the strain required to induce liquid-like 
behavior. Typically, when measured at constant frequency, the yield strain is found to pass through a 
maximum at a characteristic volume fraction5,6. Here we show that this can be understood as the volume 
fraction where 1De  . Here we use the convention where the subscript 1  indicates the first harmonic of 
the stress response7 and in the limit of small amplitudes of strain and strain rate, 1 LVEG G  and 1 LVEG G   
Working with Brownian, near hard spheres that do not crystallize at elevated volume fractions, we employ 
suspensions where viscosities and elastic moduli display strong sensitivity to volume fraction8,9. This 
behavior is associated with a divergence of the timescale for long range self-diffusion10,11. In the high 
density regime, a large literature characterizes this divergence as arising from particles being localized in 
nearest neighbor cages. In idealized Mode Coupling Theory, the onset of localization is associated with the 
glass transition where there is an absence of long range diffusion.  In Dynamic Localization Theory (DLT), 
the onset of localization establishes the onset of a region where  , the longest relaxation time, increases 
rapidly with volume fraction. DLT characterizes the difference between short and long range rates of self-
diffusion as arising from particles being captured in a transient cage of nearest neighbors.  The barrier 
limiting diffusion out of this potential grows with volume fraction and diverges at random close packing. 
In this approach, the rubbery plateau elastic modulus is a measure of the curvature of the dynamic potential 
scaling on 2
lockT r where   is volume fraction, kT is the product of Boltzmann’s constant and absolute 
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temperature and rloc is the volume fraction dependent localization length characterizing the extent of short 
range diffusion within the dynamic potential well. For diffusion times smaller than   , the extent of 
diffusion is characterized by rloc. For diffusion times much greater than   the particles acquire a long time 
rate of self-diffusion and diffuses through-out the volume of the suspension.  DLT predicts the height of 
the potential barrier across which particles must diffuse to experience long range self-diffusion and thus 
predicts 
12.  For suspensions where particles are localized and deformation times shorter than  , the 
suspension is characterized as being glassy and linear high frequency elastic moduli are set by the extent of 
the cage in which particles diffuse13. When observed for times larger than   the suspension’s mechanical 
response is dominated by a viscous response.  
DLT was not developed to deal with transient deformations such as experienced in oscillatory flows.  As a 
consequence, the model predicts zero shear rate viscosities and rubbery plateau moduli as functions of 
volume fraction but is not designed to predict frequency dependent effects such as the cross over between 
viscous and elastic behavior or the onset of nonlinear responses as strain amplitude is increased at fixed 
frequency. Nevertheless, while predicting that effects of localization are only observed above a specific 
volume fraction, DLT provides a basis for understanding that the observation of glassy behavior depends 
on the time scale of the observation. Working with near hard sphere suspensions and varying both strain 
amplitude and oscillation frequency we confirm that the onset of glassy behavior is frequency dependent. 
In addition, our results suggest that particles are localized at all volume fractions where pair interactions 
are important. As a result, our experiments suggest the sensitivity of mechanical properties to increased 
packing density seen in high volume fraction hard sphere suspensions stems from quantitative changes in 
rates of long range diffusion as opposed to the onset of caging.  
2.2 Materials and Methods 
2.2.1 Materials 
Suspensions are composed of Stober silica particles14 of diameter 44 5cD nm  suspended in polyethylene 
glycol with a molecular weight of 400 g mol  with a viscosity of  
28.9 10 .s Pa s
   at o25 C . Under these 
conditions, the particles have a Stokes Einstein diffusivity 13 23 1.11 10s ckT D m s
  yielding a 
characteristic Stokes-Einstein diffusion time: 
3 23 1.74 10o s cD kT s 
      (2.2) 
At low volume fraction the suspension viscosities can be written as: 
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    
2
1 2.5s H c H ck h k         (2.3) 
where
c  is the silica volume fraction, 2.5 Hk is the intrinsic viscosity and h  is the Huggins coefficient.  
Similar to previous work, we find 1.20 0.02Hk    and 6 0.04h  
15. Hard sphere zero shear rate 
viscosities up to volume fractions of 0.48c   are described well where the effective hard sphere volume 
fraction is 1.2 c  .  The Huggins coefficient 6h  corresponds well with the expected hard sphere 
value16.  The particles have a standard deviation in diameter of 10% and that size distribution precludes the 
ability of the particles to form crystals. 
All rheological measurements were performed on a rotational rheometer with separated motor and torque 
transducer (ARES G-2 rheometer from TA instruments) using 25 ,0.1mm rad  cone and plate geometry with 
Peltier plate temperature control to 25
oT C . 
We report changes in material response to variations in strain amplitude with dimensionless oscillatory 
frequency De = x . The cross over frequency, x , is taken as a measure of dominant state of the colloidal 
suspension (i.e., the suspension is primarily liquid-like for De<1 and primarily solid-like for De>1). We 
work in a volume fraction range where x varies over 3 orders of magnitude.  For the suspensions studied, 
2 210 10De   . 
2.2.2 Nonlinear Rheology 
Linear viscoelastic properties help in describing rheologically-complex materials. These properties have 
limited utility in characterizing materials subjected to arbitrary, finite deformations. Full characterization 
of the nonlinear flow properties is highly complex. Here we are interested in the onset of nonlinearities and 
we employ the asymptotically nonlinear regime developed by Ewoldt and Bharadwaj7. The asymptotic 
nonlinear functions characterize the onset of nonlinear properties in a systematic manner and have been 
shown to provide useful microstructural information by means of various constitutive models17.  
For an input strain given as:   
0( ) sint t           (2.4) 
where 
0  is the strain amplitude and   is the applied strain frequency, the resultant shear stress can be 
expressed as a Fourier series18,19: 
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 0 0 0 0
:odd
( ; , ) ( , )sin ( , )cosn n
n
t G n t G n t             .  (2.5) 
Employing the Chebyshev series and a power series expansion with respect to input amplitude leads to the 
following results: 
        2 41 0 1 0 0, LVEG G e O            (2.6) 
      2 43 0 3 0 0,G e O           (2.7) 
      2 41 0 1 0 0( , ) LVEG G v O             (2.8) 
      2 43 0 3 0 0,G v O           (2.9) 
(a) (b)  
Fig. 2.1: Intrinsic nonlinearities are extracted from oscillatory shear strain amplitude sweeps, here at a fixed 
frequency 10 /rad s  for a colloidal suspension with 0.535  . (a) Elastic first- and third-harmonics; (b) 
Viscous first- and third-harmonics. Solid lines indicate the onset of nonlinearity with power law scaling of 
strain amplitude squared. The sign and magnitude of the four front factors were determined for a range of 
different frequencies for each of the 4 volume fractions, using approximately 30 strain amplitude sweeps. 
Fig. 2.1 shows that this power expansion in the asymptotically-nonlinear regime (terms at order 
2
0  ) can 
be successfully applied to the silica-PEG colloidal suspension. The extracted intrinsic nonlinearities 
       1 3 1 3, , ,e e v v  depend on the oscillatory frequency (transient deformation timescale) and we use them 
to characterize the leading-order nonlinearity of the microstructure of the suspensions from low to high De  
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2.3 Results and Discussion 
Low strain linear elastic moduli, LVEG , and dynamic viscosities,    LVE LVEG      where o
0
LVE

 

   
are shown in Fig. 2.2(a) with the inset showing the characteristic time x  as a function of    demonstrating 
the rapidity of changes in the characteristic relaxation time in the volume fraction range of interest. As 
shown in Fig. 2.2(b), the relative zero shear viscosity tracks well with the hard sphere values reported in 
the literature9,20. Similarly, the linear viscoelastic moduli also follow the hard sphere predictions for 
oscillatory flow for scaled two-body theory given by Brady21 (Fig. 2.3). 
In addition to
x , an attempt was made to record the longest relaxation time,  , for  each volume fraction 
from their terminal flow behavior under oscillations. It is extracted in oscillatory data using the following 
equation extracted from page 272, Table 5.3-1 of Bird, Armstrong and Hassager22: 
0
lim
G
G







.      (2.10) 
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(a)  
(b)  
(c)  
Fig 2.2: Volume fraction dependence of linear viscoelastic properties of the colloidal suspensions. (a) 
Dimensionless dynamic elastic modulus and dynamic viscosity with frequency normalized by crossover 
times λx (non-normalized data in fig. 2.5). In the inset, the crossover relaxation time λx  varies by a factor 
of 500 across these four volume fractions. (b) Zero shear viscosity plotted as a function of effective volume 
fraction (with 1.2Hk  ) matches the response observed experimentally for hard sphere suspensions
9,20 
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(a) (b)  
Fig 2.3 (a) and (b): Linear viscoelastic response of colloidal suspension following the rheological behavior 
predicted by using two-body theory21 
 
Fig 2.4: Experimentally observed relaxation times (symbols), from dynamic data of Fig. 2.2a, compared to 
MCT based predictions for hard sphere systems10,23,24 (lines), providing further proof that silica-PEG system 
can be treated as a hard-sphere system. Experimentally derived  (eqn. (2.10)) and x  (eqn. (2.1)) are 
shown normalized by o  (eqn. (2.2)).  
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(a) (b)  
Fig 2.5: Linear viscoelastic response as a function of frequency on the right axis. On the left axis,
G
G


     
has been plotted that tends to  when 0  . In (a) x has also been shown for 0.535  . 
As shown in Fig. 2.5,  was successfully extracted for three of the four volume fractions (the highest 
volume fraction did not have terminal regime behavior within the experimental timescales used). To 
confirm that the silica-PEG material systems behaved as hard sphere suspensions,  was compared with 
predictions for hard spheres from various theories in the literature10,23,24 in Fig. 2.4. Even though   scales 
well with theoretical predictions, these theories explain the behavior of colloidal suspensions at only two 
deformation frequencies: 0,De De  . The flow dynamics of hard sphere suspensions is a strong 
function of timescale of probe, a phenomenon not studied in detail in these theories. The characteristic time 
marking the change from liquid-like to solid-like behavior, x , does not show the same volume fraction 
dependence as the longest relaxation time in the suspension,   , and contains additional information about 
suspension relaxation properties. In particular, x  will depend on the two time scales dominant in these 
systems:  , the longest characteristic timescale, and  , the short time diffusion time scale within the 
cage. This is important given that   and plateau modulus pG  play an important role in predicting the 
linear viscoelastic response of hard sphere colloids as shown by Mason and Weitz4. As discussed below, 
the deformation frequency dependence of linear and nonlinear macroscopic responses of the suspension are 
well characterized by x  and, as indicated by our definition of De =  x , we use this time scale to 
characterize the time dependent behavior of our suspensions. 
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Fig 2.6: The signs (positive or negative) of intrinsic nonlinearities may change with frequency, as seen here 
for the viscous first-harmonic nonlinearities. A positive sign (  1 0v  ) is observed for higher frequency (
1De  ) indicating viscous thickening in this regime. The elastic nonlinearity was observed to be negative 
(  1 0e  , elastic softening) for all frequencies in our experimental range. 
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(a) (b)  
(c) (d)  
Fig 2.7: Intrinsic nonlinearities as a function of applied frequency 
The full mechanical response of the suspension to applied oscillatory strain amplitude o  was measured at 
different frequencies. This stress response was quantified as indicated in Equations (2.6)-(2.9). Figure 2.6 
shows the first-harmonic response, reported as  1 o,G    and  1 o,G   , defined in eqn.(2.5) for n=1. 
These first-harmonic measures are the most common quantitative descriptors of large-amplitude oscillatory 
shear (LAOS) characterization. We show  1 o,G    and  1 o,G    at two frequencies for a suspension with 
0.535  . For 110 . ( 0.2)rad s De   , both 1G  and 1G decrease with strain amplitude, which shows 
elastic softening and viscous thinning, respectively.  For 1100 . ( 2)rad s De   , the initial nonlinearity of 
the suspension shows elastic softening in 
1G  but viscous thickening in 1G .  This change occurs over a small 
range of De near unity and results in a sign change in 1v  (as defined in eqn.(2.8)) and also a sign change in 
3v  (as shown in Figure 2.8). We observe this transition from viscous thinning to viscous thickening in all 
volume fractions studied as De increases above unity. 
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(a) (b)  
(c) (d)  
Fig 2.8: Frequency-dependent onset of nonlinearity, as described by the four intrinsic nonlinear material 
functions of shear stress. Normalized (a) Elastic energy storage, (b) Viscous energy dissipative, (c) third 
harmonic elastic, and (d) third harmonic viscous intrinsic nonlinearities as a function of normalized 
frequency 
xDe   . 
In Fig. 2.8 we show intrinsic nonlinear parameters normalized to the (frequency dependent) linear 
properties (  LVEG  and  LVE  ) as a function of xDe   . Scaling   with x  provides a universal 
collapse in the trends observed for the first harmonics (compare un-normalized Fig. 2.7 with Fig. 2.8). The 
intrinsic elastic nonlinearity  1e  is negative for all volume fractions indicating elastic strain softening at 
all frequencies whereas  1v  is negative at low frequencies and jumps to a positive value near 1De  . This 
jump for all volume fractions indicates a transition from viscous thinning to viscous thickening when the 
sample is driven at a timescale shorter than x . As the cross-over relaxation time does not have the same 
volume fraction dependence as the longest relaxation time in the system, we conclude that cage relaxation 
processes are a complex amalgamation of both short-time and long-time diffusion.  
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The third intrinsic nonlinearities also show universal collapse with De . Taking into account the signs of 
 1e and  3e , based on analysis done by Ewoldt and Bharadwaj7, it can be inferred that the elastic 
nonlinearities are strain rate driven for 1De and strain driven for 1De  . Additionally, the signs of  1v
and  3v  imply that viscous nonlinearities are strain rate driven at low and high De . 
An ordered fluid expansion, leading up to the fourth order, predicts that the intrinsic nonlinearities, 
 1 LVEe G ,  3 LVEe G ,  1 LVEv  and  3 LVEv  vary as 
2De in the terminal regime25. We experimentally 
observe this behavior in Fig. 2.8 at 1De  for all the intrinsic nonlinearities. We note that in this region 
LVEG  varies as 
2  and LVE  is independent of   such that the frequency dependence of  1e and  1v  are  
4De  and 
2De  respectively.  Given the range of magnitudes of x  and LVEG  covered in the data set 
represented here, the collapse of  1 LVEe G data at low De  onto a single curve is striking. For 1De  , there 
is clear volume fraction dependence.  Over the entire range of De  studied, values of  1 LVEv   at different 
volume fraction do not collapse onto a single curve.  Never-the-less, the magnitudes of the intrinsic 
nonlinearities are largely captured in the magnitudes  LVEG  and  LVE   and thus, to first order, follow 
their volume fraction dependencies.  
We emphasize here the overlap of all data when deformation rate is scaled on the (volume fraction 
dependent) cross over time.  As indicated in Fig. 2.2(a), the cross over times and linear viscoelastic moduli 
vary by three orders of magnitude and yet all of the intrinsic nonlinear parameters change abruptly in the 
region of 1De  . While there remain important volume fraction dependencies to the scaled intrinsic 
nonlinear parameters shown in Fig 2.8, this collapse of data is a startling result indicating qualitative 
changes to the mechanisms of storage and loss of energy when the suspensions are deformed at times of 
the order of x .   
The abrupt change of sign of  1v  occurs over a narrow frequency range always centered on 1De . 
Viscous thickening  1( 0)v  occurs for 1xDe    , i.e. the direction of deformation changes faster     
than the material’s characteristic relaxation rate  1 x . A positive value in  1v  eventually results in a 
maximum of  1 0G   as strain is increased as shown in Fig 2.6.    In the literature, strain thickening has 
been associated with strains required to break up cages of nearest neighbors5,26. Our results indicate that the 
sign change in  1v  is the result of the deformation frequency exceeding the elastic relaxation rate in the 
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system suggesting that, at constant strain frequency, the maxima in G  in strain sweep experiments will be 
observed  when  suspensions are deformed at rates where 1De  .  
(a)  
(b)  
 
Fig. 2.9: Onset of nonlinearities interpreted as a critical strain as a function of frequency  ; same data as 
Fig. 2.8a,b, transformed using equations (2.11) and (2.12) with nonlinear threshold 1%  . (a) Critical 
strains for elastic and viscous nonlinearities as a function of frequency for all four volume fractions; (b) 
Same data with strain normalized by characteristic strain at high frequency and frequency normalized by 
crossover time, xDe   . The lines identify constant critical Weissenberg numbers for viscous (dashed 
line) and elastic (solid line) nonlinearities using   1 0.03crWi e   and   1 0.06crWi v  . Also shown are 
high De  normalized critical strains extracted from literature 27,28 
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The magnitudes of  1e  and  1v  can be interpreted as  critical strains, cr , for the onset of nonlinear 
behavior7. For example, from equations (2.6) and (2.8), the critical strains required to see a 1%   change 
in each of the linear viscoelastic moduli are: 
    
1
2
1 1cr LVEe G e       (2.11) 
     
1
2
1 1cr LVEv v      (2.12) 
where we emphasize that LVEG , LVE ,  1e and  1v are all functions of De .  The resulting critical strains 
are shown in Fig. 2.9(a). The critical strains depend on volume fraction   and frequency . Below we 
show that universal curves result from scaling critical strains on a strain based on the extent of particle 
localization across the entire range of 2 2(10 10 )De De     explored here. 
At low De, both   1cr e and   1cr v scale as 1De .  At high De,   1cr e  reaches a constant value and 
decreases with increasing volume fraction,  . This indicates that with increase in volume fraction, there is 
a decrease in the dominant length scale in the microstructure that leads to elastic response. In the regime 
near ~ 1De  ,   1cr v  goes through a maxima indicating the competition in viscous thinning and viscous 
thickening that occurs at 1De   and 1De   respectively. 
In dense suspensions and sort observation times, particles diffuse in a cage of nearest neighbors. At long 
times (>  ) particles diffuse out of this transiently localized confinement and freely diffuse throughout the 
suspension. Following the expectations developed in dynamic localization theory13, we define the short 
time diffusion length or apparent cage size as: 
  
1 2
,inf 18 5app c pr kT D G       (2.13) 
where pG  is the characteristic modulus of the suspension at high frequency.  Here we define pG as 2 LVEG
( 1De  ).  Associated with this apparent cage size is a characteristic high frequency strain 
,inf ,infr app cr D  . Shown in Fig. 2.9(b) are critical strains normalized to the cage strain.  
In Fig. 2.9(b), universal curves are obtained for both   1cr e and   1cr v for all De  using x  and ,infr
, a length scale derived solely from the elastic response. The resultant plot characterizing material response 
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to oscillatory strain frequency and strain magnitude can be referred to as the Pipkin space29. Larger critical 
strains are required to observe nonlinearities in the dynamic viscosity than are required to observe 
nonlinearities in the elastic modulus, i.e.      1 1cr crv e  . At high De, the critical strains converge to 
a plateau value of 
,inf~ 0.3 r .  A transition from low to high De  behavior is observed for ~ 1De  where 
  1cr v  passes through a maximum with a magnitude of ,inf~ 0.8 r .  For 0.5De  , the volume fraction 
scaling for both elastic and viscous critical strains are well described by the volume fraction dependence of 
,infr  while for smaller values of De , the collapse of the data is approximate. In this low deformation rate 
region, elastic nonlinearities are observed when 10 ,inf0.06 r De 
  while viscous nonlinearities are 
observed when 10 ,inf1.5 r De 
 .   
At high strain frequencies where the materials are deformed at timescales smaller than the time for long 
range diffusion and thus are solid-like, critical strains normalized in this manner become independent of
De . For 2De  , if these materials are deformed at strains exceeding ,inf0.2 0.3 r , the hard sphere 
suspensions take on liquid-like properties- or they yield. With increasing  , cage size and thus ,infr
decrease and this is reflected in decrease in cr .  
For our systems we define the Weissenberg number characterizing the ratio of the material’s relaxation 
time to the strength (flow rate) as 0 0x xWi De       . Here we are interested in the changes to the 
Weissenberg number at a critical strain at the onset of nonlinear behavior: *
crWi De  . When 
* 1Wi Wi  
, the material will respond in a predominantly linear manner while for * 1Wi Wi  , nonlinearities become 
increasingly important.   The critical Weissenberg number has both frequency and volume fraction 
dependencies.  We can eliminate the volume fraction dependencies if we scale 
*Wi  on ,infr  as seen in Fig. 
2.9(b). At small De, the onset of nonlinearities occurs at a critical Weissenberg number of 0.06 and 1.5 for 
the elastic and viscous moduli respectively while at high frequencies of deformation, the critical 
Weissenberg number characterizing the onset of nonlinearities increases in a linear manner with De . These 
results demonstrate that in the low De  region, nonlinearities are driven by exceeding a characteristic rate 
of strain o   of magnitude ,infrA  . Suspensions are driven nonlinear where ~ 0.06A  and ~ 1.5  for 
elastic and viscous responses, respectively. This result is satisfying as it indicates that the onset of nonlinear 
responses are rate dependent when 1De   and is in agreement with the third harmonic sign implications. 
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These results suggest, however, that strains large compared to ,infr are required to establish steady state 
flow in this regime.   
 
Fig. 2.10: Intrinsic nonlinearities,  1e  and  1v  extracted from Koumakis et al, Soft Matter, 2012 27 
During cyclic straining, the microstructure of the suspension undergoes time-periodic changes thus altering 
the multi-particle interactions that limit exchange of nearest neighbors. As a result, we anticipate that the 
frequency of cyclic straining will lead to onset of viscous and elastic nonlinearities in different ways.  As 
shown in Fig 2.9(b), at low De , smaller strains drive nonlinearities in the elastic response than are required 
to see nonlinearities in the viscous response. At high De , the strains required to introduce similar levels of 
nonlinearity in Gand G converge. The results shown here are consistent with critical strains for distinct 
hard sphere suspensions at high De extracted from the literature (Fig. 2.10) 27,28. As discussed above, DLT 
used to develop ,infr  suggests that particle dynamics resulting from collective interactions can be 
understood by considering a single particle diffusing in a pseudo-potential landscape defined as the 
potential energy surface in which a single particle at infinite dilution would diffuse if it had the same 
diffusional properties as the particle experiences in the dense suspension.  In DLT, force correlations are 
used to construct the pseudo-potential.  Given this construct, for 1De  , elastic responses are associated 
with diffusion in a potential energy well with curvature of 
2
,infappkT r .  Viscous responses are associated 
with diffusion across potential barriers where the characteristic diffusional length associated with the barrier 
hopping is larger than ,infappr .   
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In the low De  regime where the deformation frequency is slower than the rate of long range diffusion, the 
suspensions respond primarily as viscous fluids. However, these fluids retain an elastic modulus which 
characterizes the presence of particle cages21. Accepting the notion that the particles are diffusing in a 
pseudo-potential landscape at all frequencies, we can now characterize the apparent cage size at all 
deformation frequencies through a frequency dependent localization length written as a modification to 
equation (2.13): 
   18 5app B c LVEr k T D G       (2.14) 
We emphasize here that LVEG  and thus appr  are functions of frequency. This definition of apparent cage 
size reduces to the localization length expected for fully caged particles at high frequency of deformation 
when
LVEG  approaches pG  (Fig. 2.11, inset). Associated with the localization length is a characteristic 
localization strain, r app cr D  .  This definition of a frequency dependent diffusional distance is similar to 
the link made between mean square displacement of a particle calculated using the generalized Stokes-
Einstein equation30 and experimentally observed using various particle tracking methods31,32.  
 
Fig 2.11: Elastic and viscous critical strains normalized with strains corresponding to frequency dependent 
localization length γr, which is shown in the inset. The localization length strain r  reduces asymptotically 
to ,infr  at high De  as shown by the dotted lines in the inset. 
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As shown in Fig 2.11, when scaled by r , the  strain required to drive a 1% nonlinearity in   and G reach 
plateau values at low strain ~ rB  where ~ 0.1B  and ~ 0.04  for  the viscous and elastic critical strains 
respectively. At higher frequencies where the suspension is deformed at a rate faster than the characteristic 
rate of long time diffusion, a larger strain ( ~ 0.3 r ) is required to drive a 1% nonlinearity in both the elastic 
and viscous contributions to the stress.   
Scaling of elastic and viscous critical strains with  ,r De   suggests that suspension caging is experienced 
at all frequencies and nonlinear responses result from deforming these cages beyond a critical frequency-
dependent strain.  Our results thus suggest strain thickening and the resulting maximum in G  with 
increasing strain will be observed at all volume fractions where 
x  can be measured.  This transition is 
associated with enhanced drag produced by driving particles faster than pairs can diffuse apart and will 
occur in all hard sphere suspensions where pair interactions are experienced.  
2.4 Conclusion 
In summary, we show that suspensions with volume fractions above those where the zero shear rate 
viscosity is a linear function of volume fraction can be considered caged. The caging is evident in the 
elasticity of the suspension and in the strains characterizing the onset of nonlinear responses. By accepting 
that at all frequencies the linear elastic modulus is a measure of the curvature of a dynamic confining 
potential resulting from force correlations, frequency dependent critical strains are obtained. For fast 
transient deformations ( 1De  ), nearest neighbor cages are well defined over the course of a deformation 
cycle and critical strains become independent of   . At low frequencies where particles can diffuse out of 
nearest neighbor cages over the course of the deformation cycle ( 1De  ), the particles experience force 
correlations resulting from strain induced alterations to the equilibrium microstructure.  This results in a 
constraining dynamic potential such that if particles are driven out of this well, the material responds in a 
nonlinear manner. For suspensions displaying variation of relaxation times covering 3 orders of magnitude, 
the strains characterizing the onset of nonlinear mechanical responses are scaled by a critical strain 
calculated solely from high frequency linear elastic modulus.  
In the colloidal glass literature there is a great deal of discussion of particles becoming localized at a 
particular volume fraction and changes in the diffusivity of hard sphere particles with increasing volume 
fraction have been used as experimental confirmation of Mode Coupling Theory23,33–35. Subsequent studies 
demonstrate that above the MCT predicted localization volume fraction, particles continue to display long 
range diffusion26. These observations motivated the development of DLT where long range self -diffusion 
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ceases at random close packing33. Here we use intrinsic nonlinearities of suspensions to probe localization 
at lower volume fractions.  We provide evidence that above a characteristic deformation frequency, near 
hard sphere suspensions, dilute and concentrated, display similar behavior defining the onset of nonlinear 
mechanical responses that can be understood as resulting within the concept of particles being confined to 
cages defined by collective particle interactions. Our results suggest that evidence for localization can be 
found for De<1 in the linear elastic modulus and in the intrinsic nonlinearities in elastic and viscous moduli. 
As the elastic modulus of hard sphere suspensions scales as 
2 ( , )
cr D
dg r
dr



(from Brady21), our results 
suggest particles are localized at all volume fractions where pair interactions are important in the dilute 
regime.  
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CHAPTER 3 
ROLE OF PARTICLE-SOLVENT INTERACTION ON THE ONSET OF NONLINEAR 
MECHANICAL RESPONSES OF NEAR HARD SPHERE DENSE COLLOIDAL 
SUSPENSIONS 
3.1 Introduction 
Yielding behavior of non-ergodic systems like glasses and gels has been repeatedly studied1–6. At low 
stresses, these systems store energy on deformation and behave like solids. Beyond a certain critical stress, 
y  , these systems dissipate more energy than they can store and behave like liquids. The transition from 
solid-like to liquid-like behavior occurs over a range of stresses and the material response depends on the 
time scale of observation:  for short observation times the material responds like a solid while at longer 
observation times, the material is liquid-like.  The transition time is set by thermally activated processes; 
the dependence of this timescale on volume fraction and strength of attraction has seen much study as it 
marks the onset of glassy behavior7–10. As a result of these material responses, yielding is often investigated 
by subjecting the material to oscillatory strains where both stain amplitude and strain frequency can be 
varied. Yielding is observed as a transition away from the linear response which occurs at low strain 
amplitude.  At high strain amplitudes, in the nonlinear regime, the time dependent stress carries enormous 
amounts of information and remains difficult to interpret.   In this paper, we focus our attention on the 
asymptotically-nonlinear behavior exhibited by dense colloidal suspensions (i.e. the leading order response 
beyond linearity) as a function of the time scale of applied oscillatory strain. Using the low-dimensional 
intrinsic rheological descriptions  developed by Ewoldt and coworkers11,12, we study how varying the 
solvent affects the flow behavior of dense near-hard sphere suspensions.  
The two suspensions we investigate are different in continuous phase composition. Both continuous phases 
solvate the particles and result in stable suspensions up to high volume fractions. The continuous phases 
have very similar chemical compositions (as shown in Fig. 3.1) and are low molecular weight oxygenated 
polymers with degrees of polymerization of 4-8; this is well below the molecular weight for entanglement. 
The polymers, which index match the 40 nm diameter silica particles used here, thus minimizing van der 
Waals attractions, absorb to the silica particle surfaces resulting in suspension stability.   
The microstructures and mechanical properties of silica suspensions in these polymers have been 
investigated and interpreted in terms of polymer nanocomposite theories where a key question is the nature 
of the polymer- particle interactions that give rise to dispersion.  Current understanding has been advanced 
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through the work of Schweizer and coworkers who used a mixture theory of the polymer reference 
interaction site model, PRISM, to characterize mixture structure and thermodynamic properties13–15. This 
theory predicts that the degree of p a r t i c l e  aggregation in a p o l y me r  me l t  is a strong, non-
monotonic function of the transfer energy of a polymer segment from the bulk to the particle surface, 
denoted by pc .  The theory predicts that there is a small permissible window of pc values for which 
complete particle dispersion is achieved. For small pc , depletion aggregation is observed while at large
pc , particles aggregate due to bridging attractions. The model has been tested extensively through 
measurements of particle and polymer microstructures and for the PEG-silica system for low molecular 
weight PEG, model predictions are consistent with experimental data16,17.  
There is evidence that the two polymers used in this study interact with the silica surface differently.  With 
increasing degree of polymerization of PEG, the particles remain stable but with increasing PTHF 
molecular weight the suspensions gel18,19. In our work we investigate low MW polymers (400 for PEG and 
250 for PTHF) systems where we expect the polymers to be able to reach equilibrium configurations giving 
rise to conditions where we expect the work of Schweizer et al. to apply. A more detailed list of the 
properties of each polymer has been listed in Table 3.1. Working with these suspending polymers with 
similar structures and the small differences in pc, we explore mechanical and structural properties of dense 
suspensions.   
In what follows, we discuss in section 3.2 our experimental system while in section 3.3 we describe and 
analyze our experimental results of suspension microstructure and rheology in light of PRISM theories for 
nanocomposites and dynamic localization theory developed to describe the localization of particles by 
nearest neighbors and the onset of glassy responses.  Our objective is to explore when these near hard sphere 
suspensions have similar properties and when they differ. Of particular interest are the onset of nonlinear 
properties and how the intrinsic nonlinearities change with strain frequency and volume fraction.  We 
observe that changing the chemical composition of the continuous phase results in dramatic alterations in 
volume fraction dependence of linear elastic properties but not:  
 microstructure  
 flow properties under continuous shear 
 volume fraction dependence or magnitude of longest relaxation times, or  
 volume fraction and frequency dependencies of the onset of elastic and viscous nonlinearities.  
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These observations are discussed in terms of multi-particle interactions resulting in particle localization.  In 
Section 3.4 we draw conclusions.   
3.2 Materials and Methods 
 
3.2.1 Sample Preparation 
Stober silica nanoparticles were synthesized20,21 and suspended in two solvents: PEG 400 and PTHF 250 
purchased from Sigma Aldrich. Dynamic light spectroscopy showed that the hydrodynamic diameter ( cD
) of the silica particles was 40 5nm which is in agreement with the size predicted from fitting the form 
factor obtained from X-ray scattering. Silica in PEG is a well-studied system and has been shown to behave 
like hard spheres rheologically18. PTHF was chosen due to the similarity in its monomer structure with PEG 
as shown in Fig. 3.1.  However PTHF is a stiffer polymer(longer persistence length) and has lower pc  as 
compared to PEG 400 as can be seen from Table 122–26.  
Table 3.1: Properties of PEG 400 and PTHF 250 
 Structure 
(g mol)
MW
 n
 
Cn
b 
(nm)
gR
 
Persistence 
Lengtha (nm) 
o( C)gT  
(g mol)
eMW  
(kT)
pc
 
PEG (-C2H4O-)n 400 8 16 0.8c 0.2 (T=341K)e -66f ~1500 0.55g 
PTHF (-C4H8O-)n 250 4 16 0.7d 0.3 (T=383K)e -84f ~2000 0.35g 
a Persistence length increases with decrease in temperature due to decrease in polymer entropy. Thus at our 
experimental temperature, o25 C (298K) , PTHF 250 is stiffer than PEG 400; b Cn  is the number of carbon 
atoms in a polymer chain; cFrom ref(24); d From ref(22); e From ref(23); f From ref(26); gFrom ref(25) 
 
Fig. 3.1: (a) Schematic of colloidal suspension, not drawn to scale (colloid diameter ~40nm, polymer radius 
of gyration ~1nm) (b) Composition of PEG and PTHF, the two polymers in which the colloids were 
suspended in this work. See Table 3.1 for polymer properties.  
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(a) 
 
(b) 
 
Fig. 3.2: ( )S q plotted for silica in (a) PEG 400 and (b) PTHF 250 for different volume fractions. The 
measurements were done at room temperature. 
At o25 C , PEG 400 has a zero shear viscosity 0.089 Pa.ss   while that of PTHF 250 is slightly higher at 
0.139Pa.s . This results in a Stokes Einstein diffusivity 3 s ckT D  of 
13 21.11 10 m /s  and 
14 27.8 10 m /s for particles in PEG 400 and PTHF 250 respectively. This yields a characteristic Stokes-
Einstein diffusion time defined as: 
 30 3 s cD kT   (3.1) 
yielding 0 0.017s, 0.02s   for silica in PEG 400 and PTHF 250 respectively. The polymer-particle 
mixtures were clear suspensions in both cases and showed no signs of aggregation. The lack of aggregation 
is further supported by the results from X-ray scattering (Fig. 3.2) which showed no up-turn in particle 
structure factor at low scattering angles for all volume fractions tested. It is to be noted that this observation 
is a further demonstration of the effects of PTHF molecular weight on the state of aggregation of silica 
nanocomposites where gelation is observed at increasingly lower volume fractions as polymer molecular 
weight is increased19. This will be discussed in detail in section 3.3. 
3.2.2 Rheology 
All the measurements were carried out on a rotational rheometer with separated motor and transducer, an 
ARES-G2 from TA instruments with cone and plate geometry, 25mm, 0.1rad , at o25 C . Besides probing 
the zero shear viscosity and linear viscoelastic response of the colloidal suspensions, dynamic strain sweeps 
were performed at various frequencies and transient waveform data was collected to gain more information 
about the suspensions under flow. Since nonlinear rheology is multidimensional and quite complex, in this 
paper, we follow the approach of Ewoldt and coworkers where we take a power series expansion, in strain 
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amplitude, of the Fourier-Chebyshev representation11,27 of the stress tensor. This approach defines intrinsic 
nonlinear parameters that have been shown to provide useful microstructural information by means of 
available physical interpretation and various constitutive models11,28. For an input simple shear strain given 
by: 
0( ) sint t         (3.2)   
where 
0  is the strain amplitude and   is the applied strain frequency, the resultant shear stress can be 
expressed as a Fourier series: 
 0 0 0 0
:odd
( ; , ) ( , )sin ( , )cosn n
n
t G n t G n t               (3.3) 
Employing the Chebyshev series (to provide interpretations of third harmonics) and a power series 
expansion with respect to input amplitude leads to the following results: 
        2 41 0 1 0 0, LVEG G e O           (3.4) 
      2 43 0 3 0 0,G e O          (3.5) 
      2 41 0 1 0 0( , ) LVEG G v O            (3.6) 
      2 43 0 3 0 0,G v O          (3.7) 
The resultant intrinsic nonlinearities,        1 3 1 3, , ,e e v v  are functions of applied frequency alone and will 
be used to probe suspension microstructure at different strain frequencies. 
3.2.3 Small Angle X-Ray Scattering (SAXS) 
SAXS measurements were performed at the 8ID-E XOR beamline at Advanced Photon Source, Argonne 
National Lab employing a radiation wavelength of 
o
1.378Al   with the detector to sample distance of 
4.04m . The 2D SAXS patterns were azimuthally averaged to obtain scattering intensities in terms of single 
scattering vector q , where 4 sin( 2)q l   and   is the scattering angle. 
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After subtracting scattering from background and the control of the polymer with no particles, the resultant 
scattering can be treated as a result from an effective one-component system and written as: 
2( , ) ( ) ( , )c c c e cI q V P q S q       (3.8) 
Here c  is the nanoparticle volume fraction, e  is the excess electron scattering length density of particles 
relative to the solvent phase, cV  is the volume of a single particle, ( )P q  is the single particle form factor 
measured at volume fraction c, and ( , )cS q  is the collective structure factor of the nanoparticle suspension. 
The form factor was fit to a model of spherical particles which led to an approximate particle diameter of 
39nm with nearly 10% polydispersity. ( )S q normalizes to unity at high q values as well as in the dilute 
limit. This results in ( , )cS q  for concentrated suspensions as: 
,
,
( , )
( , )
( , )
c dsc
c
c ds c
I q
S q
I q


 
    (3.9)   
3.3 Results and Discussion 
Both PEG and PTHF are known to adsorb to the particle surface16,29.  Indeed without such an affinity of the 
solvent to the particle surface, the resulting depletion forces would produce aggregated suspensions. This 
adsorption is predicted to produce particle pair potentials which decay on a length scale of a monomer 
diameter. Experiments demonstrate that the PEG adsorbs in a manner that alters the packing of the polymer 
segments for a distance on the order of a polymer radius of gyration.  Because of the low polymer molecular 
weight used here, the particle to polymer size ratio is large ( 1c gD R ). The polymers are a near match 
to the particle index of refraction with the result being that the particles feel negligible van der Waals 
interactions30. Previous studies demonstrate that the particles also carry a negligible charge when suspended 
in these polymers19.  As a result, a typical approximation for particle interactions is that of hard spheres 
with a diameter slightly larger than the core particle size.    The effective particle diameter (particle volume 
fraction) is determined by comparing the zero shear rate suspension viscosities with the well-known values 
of suspensions of hard spheres in a Newtonian continuum31,32. For a fixed adsorbed layer thickness, we 
anticipate a constant conversion factor between the core volume fraction and the effective hard sphere 
volume fraction.  
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Fig. 3.3: Relative viscosity imposed on experimental observations for hard spheres colloids as a function 
of effective hydrodynamic volume fraction,   , defined in eqn. (3.10), where C=1.14 and 1.2 for PTHF 
250 and PEG 400 respectively. In the inset, relative viscosity as a function of colloidal volume fraction, c
. 
Following this process, we show in Fig. 3.3 the zero shear rate relative viscosities 0r s    as a function 
of volume fraction. The flow behavior for both suspension types is quite similar. We define a hydrodynamic 
volume fraction,   as: 
cC    (3.10) 
Where C is chosen as a constant that best superimposes the measured viscosities with the curve expected 
for hard spheres.31,32 For PEG and PTHF, C = 1.2 and 1.14 respectively resulting in 1.06cD D   and 
1.12  for PEG and PTHF, respectively.  The superposition of the data at high volume fraction is apparent 
in Fig. 3.3. 
Using small angle x-ray scattering (SAXS) we measured suspension microstructures at a variety of volume 
fractions and extracted the static particle structure factors shown in Fig. 3.2.  In all cases, the suspensions 
have structure factors expected for fluids. With decreasing q , ( )S q  diminishes smoothly to its asymptotic 
plateau value of (0)S , which corresponds to suspension compressibility. The (0)S values decrease with 
increasing volume fraction indicating diminishing compressibility with increasing volume fraction. No 
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upturn or minimum in ( )S q  at low q  were observed indicating the absence of weak attractions. With 
increasing q , the structure factors all show a first peak in ( )S q  occurring at *q .  The magnitude of ( *)S q  
increases with increasing volume fraction indicating increased coherence to the first nearest neighbor cage 
while *q  moves to large values indicating that the particles are constrained by an increasingly constricted 
first nearest neighbor cage with increasing volume fraction.  Even at the elevated volume fractions 
investigated, there is no evidence of an imminent phase separation indicating attractive interactions are 
negligible. These structure factors are those expected for particles experiencing repulsive interactions that 
are increasingly constrained by nearest neighbors as the volume fraction increases.  
While the volume fraction dependence of zero shear rate viscosities may be well captured by this effective 
hard-sphere shift in volume fractions, the SAXS data do not display microstructures expected for hard 
spheres.  As evidenced in Fig. 3.4 at neither the colloid volume fraction, c , nor the effective hydrodynamic 
hard sphere volume fraction,  , do the microstructures compare well with values expected for hard 
spheres.  These differences have been reported previously for silica-PEG and silica-PTHF suspensions at 
o75 C  and for polymer molecular weights of 400 and 1000 for PEG and 1000 for PTHF19. We emphasize 
that our measurements are made for PEG 400 and PTHF 250 at o25 C . Under these conditions, for the PEG 
system, particle structure factors are quantitatively different from their high temperature behavior but show 
the same qualitative behavior. On the other hand, at higher temperature and molecular weight, when 
suspended in PTHF, particles showed signs of experiencing attractions at low volume fractions and 
aggregation or phase separation at high volume fraction.  
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(a) 
 
 
(b) 
 
 
 
Fig. 3.4: SAXS structure factor information, ( *)S q and 1 (0)S , both indicate similar structure of silica in 
PEG and PTHF. In the insets, full SAXS ( )S q  data for 0.5c   for silica in PTHF250 indicating ( *)S q  
and (0)S . (a) ( *)S q  indicates coherence, this is lower than hard sphere suspensions for 0.4c   (b) 
1 (0)S  indicates osmotic compressibility, generally higher in both suspensions as compared to hard 
sphere suspensions. All measurements were done at room temperature.  
These observations lead us to a series of conclusions. First, when suspended in PEG400 and PTHF 250, 
silica particles form stable single phase suspensions showing microstructures indicating the particles 
experience primarily repulsive interactions. As a result, with increasing volume fraction the particles are 
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increasingly localized by nearest neighbor cages where long range self-diffusion will slow and zero shear 
rate viscosities will increase. Secondly, while we can characterize particle interactions as resulting from 
short range repulsions due to polymer absorption through a hard sphere approximation using zero shear rate 
viscosities, this same approximation fails to provide a good description of particle microstructures.  Third, 
as the suspending polymer is changed the microstructures and zero shear rate viscosities of the suspensions 
show small quantitative differences in magnitude and dependence on volume fraction.   
Understanding microstructures clearly requires more parameters than a particle size and volume fraction. 
One approach used by Hall et al. and Kim et al. is to apply the PRISM mixture theory of Schweizer and 
coworkers16,17.  This method adds additional parameters of polymer segment to particle size ratio and a 
transfer energy ( pc kT ) of moving a segment form the bulk to the particle surface.  We work in the limit 
where the segment size is small compared to that of the particle, leaving us with a single parameter of 
pc kT whose values for each system have been reported in Table 3.1.  
 
Fig. 3.5: Linear viscoelastic response of silica in PTHF 250 as a function of applied frequency. Right axis 
(symbols): dynamic moduli. Left axis (dashed lines): ratio that approaches a characteristic timescale in the 
limit of low frequency, 
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Fig. 3.6: Dimensional linear viscoelastic data on the right axis for silica-PEG system as published in 
previous paper32. On the left axis, 
0
lim
G
G







. 
Similarities of the volume fraction dependence of zero shear rate viscosity and microstructure of particles 
suspended in these two intermediate molecular weight solvents leads to the expectation of similarities in 
the linear and nonlinear viscoelastic behavior of these suspensions. Yet, we will show that details of the 
solvent environment around the particle influence elastic properties and short observation time particle 
dynamics. 
Linear elastic ( G ) and viscous moduli ( G ) were measured and have been shown in Fig. 3.5 and 3.6 for 
PTHF and PEG respectively. Dense colloidal suspensions exhibit two major relaxation times:   from 
long time diffusion and   from short time diffusion within the cage formed by nearest neighbor particles. 
In this paper, we also characterize the suspension through an elastic relaxation time:  
1x x  ; ( ) ( )LVE x LVE xG G     (3.11) 
As discussed in our previous paper33, x is chosen as characteristic elastic relaxation time where for time 
scales less than x , the suspension is dominated by elastic solid-like behavior while if probed for time 
scales greater than x , the suspension behaves in a dissipative liquid-like manner. This cross over 
relaxation time is a function of and   and shows different volume fraction dependencies than these two 
characteristic times.   
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(a) 
(b) 
 
 
Fig. 3.7: (a) Longest relaxation time,   (Eqn. (3.12)), normalized by 0 (Eqn.(3.1)) follows the hard 
sphere predictions for both suspensions, silica-PEG and silica-PTHF. x  (Eqn. (3.11)) does not show a 
constant factor variation with  . (b) Crossover modulus in both sample systems plotted as a function of 
  indicating that xG  stays nearly constant for silica in PTHF but increases with volume fraction for silica 
in PEG. The dashed lines are guides to eye.  
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(a) 
 
(b) 
 
Fig. 3.8: Non-dimensionalized elastic and viscous moduli as a function of De    for (a) silica-PEG 
and (b) silica-PTHF systems. We observe a spread in both elastic and viscous behavior for both systems as 
compared to Fig. 3.6, due to change in the timescale of reference. 
In Fig. 3.7(a) we show values of   determined from the terminal regime limit using the equation given in 
Bird, Armstrong and Hassager34 (their Table 5.3-1, page 272): 
0
lim
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
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    (3.12) 
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When compared at the colloid volume fraction, c , we see that   values show similar volume fraction 
dependence for both polymers  while if compared at the same values of  , the values of   compare 
extremely well and superimpose with theoretical predictions for hard sphere systems7,9,35. From this 
comparison, we conclude that even though the microstructures are not those of hard spheres, when 
compared at  , the linear elastic and viscous responses of the suspensions are well characterized by those 
expected for hard spheres when 1 . 
Also shown in Fig. 3.7(a) are values of x.  As expected, at the same volume fraction, x   . Unlike 
longest relaxation times, the shorter cross-over relaxation times show a distinct solvent composition 
dependence with x showing a stronger volume fraction dependence in PEG than PTHF. 
In Fig 3.7(b), we plot the volume fraction dependencies of plateau elastic modulus, pG , defined here as: 
 2* 2* 1p x LVE xG G G          (3.13) 
and made dimensionless with 3ckT D . We make the extrapolation of 2p xG G  , as plateau modulus could 
not be measured for all the volume fractions in the experimentally accessible frequency regime.  
We note two key results from this data.  First, at the same volume fraction the plateau elastic moduli of the 
suspensions show a distinct continuous phase sensitivity.  Second, while 3p cG D kT  monotonically 
increases with volume fraction for suspensions in PEG, 3p cG D kT  for PTHF suspensions is a weak 
function of volume fraction and may pass through a maximum. Additionally for both systems, x   is 
not constant with volume fraction, as evident from Fig. 3.7(a), indicating that x  does not have a linear 
dependence on  .   
Further evidence of differences in the mechanical behavior of these suspensions can be found in 
comparisons of the frequency dependence of the non-dimensional elastic ( 3LVE cG D kT ) and viscous (
LVE o  ) material functions as shown in Fig. 3.9. Here we report strain frequencies as the Deborah number 
defined as: De x  .  For both suspending fluids, essentially universal curves are created when suspension 
viscosity is normalized with zero shear rate viscosity and strain frequency is normalized with x .  The same 
superposition is not achieved if the frequency is made dimensionless with  (Fig. 3.8).  
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(a) 
 
(b) 
 
Fig. 3.9: Non-dimensionalized elastic and viscous moduli as a function of De for (a) silica-PEG (data 
originally published in our previous paper33) and (b) silica-PTHF systems. Viscous moduli in both 
suspensions get normalized onto a single curve by respective zero shear viscosity,  0  . Elastic moduli 
increase with   for silica-PEG but seem to be independent of   for the silica-PTHF system. 
While the magnitudes and volume fraction dependencies of x  are solvent specific, the magnitudes and 
volume fraction dependencies of   and 0  are not.  Nevertheless, we find that the frequency dependence 
is well characterized when frequency is scaled by x .  From the superposition of viscosities when 
normalized by their zero shear rate values at all values of De, we conclude that energy dissipation in the 
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suspensions at all strain frequencies is controlled by rate processes with characteristic time characterized 
by x . These same scaling relationships are not reproduced for the linear elastic moduli as evidenced by 
the volume fraction dependence of xG  in Fig. 3.7(b).  In addition, shown in Fig. 3.9, for silica-PEG at 
elevated De there is a distinct volume fraction dependence of the rubbery plateau behavior, but for silica-
PTHF there is only an extremely weak volume fraction dependence over the entire range of De.  
Elasticity in stable suspensions is controlled by strain induced deformation to the suspension 
microstructure. With increasing volume fraction, at short observation times ( < ) particles become more 
tightly localized by nearest neighbors. Stronger localization is expected to increase the stress required to 
produce a unit strain thus increasing the suspension’s elastic modulus.  From the microstructural studies 
done in this paper, we have shown that the coherence increases while the distance between nearest neighbor 
pairs decreases as volume fraction is raised. These effects are weakly dependent on continuous phase 
composition. In addition, we have shown that the scaled longest relaxation times are independent of 
continuous phase composition and follow predictions for hard spheres.  These observations demonstrate 
that particles in the PTHF suspensions are increasingly localized with increasing volume fraction. The 
observed constancy of  pG   is thus unexpected.    
(a) (b)  
Fig. 3.10: Solid lines indicate extraction of (a) elastic and (b) viscous nonlinearities in silica-PTHF with 
De ~ 4  
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(a)  
(b)  
Fig. 3.11: (a) and (b) Normalized fist harmonic intrinsic nonlinearities in silica-PEG system.  
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(c)  
(d)  
Fig. 3.11: (cont.) (c) and (d) Normalized third harmonic intrinsic nonlinearities in silica-PEG system 
To further probe the localization of particles at elevated volume fractions, dynamic strain sweeps were 
carried out at multiple frequencies. Of particular interest are the intrinsic nonlinearities observed as strain 
is increased. We have chosen our system so that we can measure these nonlinearities for the suspensions in 
both the solid-like ( De 1 ) and liquid-like ( De 1 ) regimes. As shown in Fig. 3.10, the expected36 20  
scaling for the intrinsic nonlinearities as defined in Equations (3.4)-(3.7) is observed for the silica-PTHF 
system. Similar scaling was observed for silica-PEG system. (A detailed study on nonlinear response of 
silica-PEG system has been reported in our previous paper.33)  
Fig. 3.11 and 3.12 show the intrinsic nonlinear responses of the silica-PEG and silica-PTHF systems 
respectively as a function of De. We note that the suspensions’ nonlinear responses are qualitatively similar. 
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Specifically, x  provides a robust measure of the time that characterizes the frequency dependence of 
intrinsic nonlinearities for both the systems. Independent of volume fraction, frequency, or continuous 
phase composition, suspensions elastically strain soften, indicated from  1 0e  . The viscous response of 
both suspensions shows viscous strain thinning (  1 0v  ) for De<1, but over a small change in frequency 
near De ~ 1 ,  significant changes in the material response are seen with intrinsic nonlinearities changing 
sign corresponding to the onset of viscous shear thickening (  1 0v  ).  
(a)  
(b)  
Fig. 3.12: Non-dimensionalized (a) first harmonic elastic (b) third harmonic elastic intrinsic nonlinearities 
for silica-PTHF system as a function of De. 
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(c)  
(d)  
Fig. 3.12: (cont.) Non-dimensionalized (c) first harmonic viscous and (d) third harmonic viscous intrinsic 
nonlinearities for silica-PTHF system as a function of De.  
The third harmonic intrinsic nonlinearity responses were also measured for these suspensions. We observe 
that silica-PEG and silica-PTHF systems show qualitatively similar trends in  3e  and  3v . The  third-
harmonic interpretations of Ewoldt and Bharadwaj11 (their Fig. 3.10) indicate that nonlinearities of all the 
suspensions studied are driven by increases in strain rate at low De and increases in strain at high De for 
elastic behavior and are driven by increases in strain rate at both low and high De for viscous behavior.  
In Fig. 3.13, we compare values of   1e  and  1v  as a function of De for all suspensions.  We first note the 
clarity of the sign change in  1v  near De ~ 1 . This feature of a change from viscous strain thinning to strain 
thickening when the suspension is probed at a time scale near x  is one of the striking results of this work. 
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We note that there are distinct volume fraction dependencies in  1v  evident for both continuous phase 
compositions while the volume fraction dependency of  1e  is muted for particles suspended in PTHF as 
compared to that seen for particles suspended in PEG. This is similar to another elastic measure with weak 
dependence on volume fraction, the linear elastic modulus G' of the PTHF system (Fig. 3.9b).  
(a) 
 
(b) 
 
Fig. 3.13: Dimensional (a) elastic and (b) viscous nonlinearities plotted as a function of De. The graph 
highlights the qualitative similarities observed in the nonlinear behavior of silica-PEG and silica-PTHF 
system, especially the distinct change in sign in  1v  at De ~ 1 . 
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We link concepts of particle localization to this experimental data by considering the strain required to 
observe a deviation of 1%   from linear moduli. Experimentally we define that critical strain for inducing 
both elastic and viscous nonlinearities as: 
   
1/2
1 1( ) /cr LVEe G e      (3.14) 
   
1/2
1 1( ) /cr LVEv v     (3.15) 
Fig. 3.14 shows critical strains defined in eqns. (3.14) and (3.15) for the silica-PTHF and silica-PEG 
systems. In the low De region, both critical strains scale as 1De , indicating they are driven by the rate of 
strain (as also discussed in our previous paper33), which is in agreement with the predictions made from the 
relative signs of first and third harmonics. At high De , the strains become independent of De but continue 
to show a volume fraction dependence. The elastic critical strain,  1( )cr e , decreases with increasing 
volume fraction for both systems. This is expected as with increasing volume fraction, particles are forced 
closer together, thus enabling nonlinear phenomenon at smaller strains.  1( )cr v  goes through a maxima 
around ~ 1De  due to the competing strain thinning and strain thickening effects causing  1v  to pass 
through zero as we go from De 1  to De 1  . We note that the nonlinearities are strain driven at high De 
for both viscous and elastic moduli, based on the observation of constant critical strains at high frequency 
in Fig. 3.14. For the elastic nonlinearity, this is consistent with the  3e  sign observation/interpretation, 
however this is in contradiction with what is suggested by the relative signs of  1v  and  3v . We have 
limited understanding of this observation.  
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(a) 
 
(b) 
 
Fig. 3.14: Critical strains required to observe 1%   nonlinearity in (a) elastic response (Eqn. (3.14)) and 
(b) viscous response (Eqn. (3.15) ) as a function of De for both silica-PEG and silica-PTHF systems. 
To provide a deeper understanding of the volume fraction dependence of the critical strains we dig deeper 
into our hypothesis that at short observation times, particles are transiently captured in nearest neighbor 
cages and diffuse out of these cages in a time characterized by  .  We have shown that both suspension 
types have the same longest relaxation times as compared to hard spheres when matched at  . To 
characterize diffusion in this cage we adopt dynamic localization theory10 that uses a single particle 
dynamical description where particles experience forces due to Brownian encounters that result in rapid 
short range diffusion in a localized environment and a slower long range diffusion.  This diffusive behavior 
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results from many body force correlations. The theory describes this many body diffusive behavior by 
considering the diffusion of a single particle in the suspension. The theory imagines the motion of a single 
particle (i.e., label one particle in the suspension and only track that particle) and asks what externally 
imposed potential would result in the observed diffusive behavior. This dynamic free energy arises from 
force correlations derived from multi-particle interactions. It is not a thermodynamic free energy.  Instead 
the dynamic potential is created as an effective potential used to describe suspension dynamics9,37,38.   
The dynamic potential, ( )F r , is determined  in a self-consistent manner from equilibrium structure10: 
2 2 2
1
3 1
( ) ( )
( ) 3ln(r) exp( [1 ( )])
6(2 ) 1 ( )
d q C q S q q r
F r S q
S q





     

   (3.16) 
where ( )C q  is the direct correlation function and is calculated by applying the hard sphere potential to the 
Ornstein- Zernike equation and using the Percus-Yevick closure39. Determined in this way, as shown in the 
inset of Fig. 3.15, above a volume fraction of ~0.46, ( )F r goes through a minima at  locr  , and a 
maximum at  Br  . The particle experiences a maximum restoring force at 
*( )R  . The potential difference 
at the minima and maxima in ( )F r  is called the barrier height, ( ) ( )B B locF F r F r  . The characteristic 
time a particle resides in a nearest neighbor cage is determined by the characteristic time it take a particle 
to diffuse over the dynamic potential barrier, FB, which increases with increasing volume fraction.  The 
characteristic time to diffuse out of the nearest neighbor cage is taken to be  which is predicted to be 
proportional to exp( )BF kT . For hard spheres, Dynamic Localization Theory directly links the rubbery 
plateau modulus to locr  in the ultralocal limit as
40: 
2
18
5
p
c loc
kT
G
D r


     (3.17) 
Fig. 3.15 shows the variation of normalized localization length loc cr D  based on the observed plateau 
modulus (Fig. 3.5) and re-arranging Eq. (3.17) to solve for rloc. We also show the theoretically calculated 
loc cr D  and normalized location of maximum restoring force, 
*
cR D  as published in Saltzman & 
Schweizer10. 
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Fig. 3.15: Non-dimensionalized localization length as calculated using Eqn. (3.17) for silica-PEG and 
silica-PTHF system. The dotted purple line shows 1 locA r and solid purple shows 
*
2A R  observed using 
naïve-MCT 10, where A1=5 and A2=2.5. In the inset is shown the method of calculating locr from the 
dynamic pair potential,  cF r D  as defined in Eqn. (3.16) for a hard sphere suspension of 0.52  . 
As shown in Fig. 3.15, consistent with the volume fraction dependence of xG , rloc based on the plateau 
modulus is a sharply decreasing function of volume fraction for suspensions in PEG but a modestly 
increasing function of volume fraction for suspensions in PTHF.  Also shown are the DLT predictions10 of 
rloc that have been multiplied by a factor A1, where A1=5. We note that consistent with our previous studies, 
these theoretical values have similar volume fraction dependence as we observe for rloc measured in the 
PEG suspensions. For PTHF suspensions, we do not find the agreement between dynamic localization 
theory predictions and measures of rloc.  In addition, DLT predicts a systemic decrease in R* with increasing 
volume fraction and that over the volume fraction range studied here,  R*/rloc is a constant with a value of 
~2. . 
We have observed that the zero shear rate viscosities and longest relaxation times for both PEG and PTHF 
systems show magnitudes and volume fraction scaling expected for hard spheres.  This is consistent with 
the predictions from dynamic localization theory where the viscous behavior is dominated by the rate 
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particles diffuse out of the dynamic free energy minimum and thus is set by the height of dynamic free 
energy. In dynamic localization theory, the viscosity is controlled by the diffusion time such that:   
( ); B
Ff e        (3.18) 
With increasing , the barrier height of the dynamic potential increases and the particles face increasing 
restorative force when sheared out of the dynamic potential well. We hypothesize that if the cages are 
strained beyond the location of maximum restoring force, *R , particles will diffuse out of cages and thus 
establish the onset of irreversible particle displacements. To test this hypothesis, we define the characteristic 
strain where we expect nonlinear responses to occur as: 
 
 
*
*
R
c
R
D



      (3.19) 
where  *R  is determined from theoretical predictions of F(r) using hard sphere structure factors. Using 
eqn. (3.19) to normalize experimental critical strains (from Fig. 3.14) we observe in Fig. 3.16 a collapse of 
both viscous and elastic critical strains onto universal curves showing no volume fraction dependence.  We 
emphasize that this normalization is realized through the volume fraction dependence determined from 
theoretical calculations of R*.   
The critical strains are rate dependent at low De (indicated by power-law slope of -1 in Fig. 3.16). In this 
low frequency regime the critical strains required to observe nonlinearity in elastic response are smaller 
than those required to see a nonlinear viscous response. By defining a critical Weissenberg number where 
we expect the suspensions to go nonlinear as *Wi Dex cr x cr cr       , we expect to observe 
nonlinear behavior when *Wi Wi 1 . For both elastic and viscous response, **Wi De crRA      where 
A is 0.035 and 0.07 for elastic and viscous critical strains respectively. At high De, the critical strains 
converge for both systems to a value of *~ 0.2 R , where *R
  is a function of  . 
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(a) 
 
(b) 
 
 
Fig. 3.16: Normalized critical strains for (a) elastic and (b) viscous nonlinearities as a function of De for 
both silica-PEG and silica-PTHF systems. The strains have been normalized by  *R    defined in Eqn. 
(3.19) which results in a self-scaled behavior for both systems. 
In previous work33 we showed that the volume fraction dependence of the critical strains for PEG 
suspensions can be understood in terms of a critical strain determined by rloc/Dc where rloc was determined 
from experimental values of the plateau modulus pG .  As shown here, to within a constant, experimental 
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and theoretical values of rloc are the same for the silica-PEG suspensions. At the same time, we note that 
for hard spheres, rloc /R* is approximately independent of volume fraction. Thus the creation of a universal 
curve for critical strains of PEG suspensions as shown in Fig. 3.16 is expected.  What is not expected is that 
eqn. (3.19) would also normalize the critical strains from the PTHF suspensions. For these suspensions, the 
experimentally derived values of rloc do not have the same volume fraction dependence as R* derived for 
hard spheres.  
Our results suggest that at the same values of volume fraction  , particles suspended in PEG and PTHF  
have nearly identical microstructures at small and large separations (although the experiments are unable 
to probe the ultra-local local limit where 10cqD  ).  Particle cages in both suspensions increase coherence 
and become smaller with increasing volume fraction and we expect the particles in the two suspensions to 
experience similar time averaged structural environments. The rate of diffusion out of the nearest neighbor 
cages is essentially the same for PEG and PTHF suspensions as represented by similar values of  and 0
and the universal behavior shown in Fig 3.16. Thus long observation time dynamics of these suspensions 
are very similar suggesting long time force correlations are similar.  At shorter observation times, as 
characterized by x , particles in PTHF diffuse more slowly (i.e., at the same  , 0x   is larger for 
suspensions in PTHF than in PEG). We hypothesize that the different solvent environments produced by 
differences in particle-solvent interactions modify short time particle dynamics. To create an integrated 
picture, these effects must be limited to short observation times when particles are diffusing within nearest 
neighbor cages.  
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Fig. 3.17: Dynamic pair potential sketch showing change in localization length locr  and barrier height BF
due to increasing volume fraction (from reference at 1  to higher volume fraction 2 ). In PEG shown by 
the red line, both quantities change: 1 2loc locr r  and 1 2B BF F . In PTHF, indicated by blue line, based 
on the experimental observation and our analysis, we predict that only the barrier height changes: 
1 1loc locr r and 1 2B BF F . 
In Fig. 3.17, we present a hypothetical sketch of possible dynamic potentials at different volume fractions 
that might lead to the observed differences in suspension dynamics at short and long time scale. From these 
observations we conclude that the linear-elastic modulus and short time dynamics are more sensitive to 
polymer/particle interactions than are the long time suspension dynamics.  These observations argue for a 
connection between observations that as pc decreases, the intrinsic viscosity of suspensions decreases 
below the hard sphere limit25,41 and suggest details of the solvent environment around the particle influence 
short observation time particle dynamics. 
3.4 Conclusion 
This study uncovers a rather complex set of phenomenon associated with particles being suspended in 
different solvents.  We compare silica nanoparticles suspended in PEG and PTHF which have similar 
chemical structure and in the shear rate range studied are Newtonian solvents.  For both systems, volume 
fraction dependencies of longest relaxation times, zero shear rate viscosities, and critical strains demarking 
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the onset of nonlinear mechanical behavior are all well described by effective hard sphere models.  
Microstructures of suspensions are similar suggesting the particles experience similar time averaged 
interactions. However, volume fraction dependencies and magnitudes of elastic moduli at high frequencies 
are different. For both sets of suspensions the characteristic frequency defining changes in linear and 
nonlinear mechanical processes is x , the frequency demarking the cross over from low frequency terminal 
behavior to higher frequency behavior dominated by elastic energy storage.  However the magnitudes and 
volume fraction dependencies of x   and high frequency moduli are distinctly different for PEG and PTHF 
suspensions.  We conclude that particle solvent interactions can influence short time particle dynamics as 
probed when De>1 while being of less importance for long time mechanical properties as probed at low 
De, continuous shear, and the onset of large strain events (even at De>1).   
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CHAPTER 4 
RHEOLOGICAL AND MICROSTRUCTURAL EVOLUTION OF NEAR GLASSY 
COLLOIDAL SUSPENSIONS UNDER LARGE AMPLITUDE OSCILLATORY SHEAR 
(LAOS) 
4.1 Introduction 
Hard sphere colloidal suspensions at high volume fraction undergo metastable kinetic arrest induced by 
excluded volume1–3. The long time self-diffusion of particles gets severely suppressed leading to a rapid 
rise in zero shear viscosity with increasing volume fraction4–8.  Under these conditions the system is said to 
be “caged” or glass-like. Statistical mechanics based theories state that the conversion of dense suspension 
to a glassy state occurs around the volume fraction of, ~ 0.58g 9. The linear viscoelastic response of such 
materials can be divided into 3 regions shown in fig. 4.1(a). In region I, the elastic modulus,  LVEG   is 
smaller and increases as 2  while the viscous moduli,  LVEG   grows as  and is proportional to the 
zero shear viscosity of the suspension ( s ). In region II,  LVEG  dominates the mechanical response.  In 
a plateau region, ,  LVEG   increases weakly with strain frequency  LVEG   passes through a minimum 
and takes over the elastic modulus in region III. In region III, at high frequency,  LVEG  becomes 
proportional to the high shear rate viscosity. Thus, the viscous modulus can be expresses in terms of 
viscosity of the suspension as: 
0
lim ( )LVE sG

  

      (4.1) 
lim ( )LVEG

  

        (4.2) 
Fig. 4.1(a) points out the transition of suspension from one region to another at specific frequency values. 
In our previous work, we have highlighted the importance of 1x  in the nonlinear flow behavior of the 
colloidal suspensions. Since, the elastic and viscous moduli cross-over at 2 frequencies, 1x and 2x , 
where  1 2x x , we can define Deborah number in 2 formats as listed below: 
   1 1 1De / x x      (4.3) 
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   2 2 2De / x x     (4.4) 
Each of the De defined here has a strong volume fraction dependence in dense suspensions and is useful in 
probing suspension dynamics.  These time scales normalized by the infinite dilution diffusion time, 0
(eqn.(4.7)) have been plotted in fig. 4.1(b). 
As volume fraction is increased, particles diffuse rapidly within nearest neighbor cages and make rare jumps 
where nearest neighbors are exchanged. These processes give rise to two characteristic times: the   
relaxation time where the particles diffuse within the cage of nearest neighbors and  relaxation time where 
the particle diffuses out of the cage. As volume fraction increases, these time scales separate with the   
process being rapid and the process being very slow. Predictions of the longest relaxation time in the 
suspension, the relaxation time, have associated the delayed diffusion as arising from particles diffusing 
over a dynamic potential barrier10,11. The dynamic potential is the effective energy landscape constructed 
to describe the diffusion of a particle at infinite dilution to make its diffusive processes same as seen in the 
dense suspension.  If the probe time is sufficiently long, the particles in the nearest neighbor cages of the 
suspension rearrange and the material is liquid-like. This state is entered when 1De 1 . When the 
suspension is probed at a time scale shorter than the particles can easily exchange nearest neighbors, the 
suspension is arrested and responds as a solid.  This occurs when   1 1 21 De x x .  If the probe time is 
sufficiently short, suspension mechanical behavior is probed when there is essentially no diffusion on the 
time scale of the observation.  This occurs when 2De>De . 
Diffusion of particles out of cages is aided by applying external stress on the suspension12,13. Thus, the 
suspensions flow behavior varies strongly with the applied strain amplitude.  Often, experiments are carried 
out at a fixed probe time scale (fix ) and increasing the strain amplitude
14,15. If the probe time places the 
sample in the plateau region, the elastic modulus is initially larger than the viscous modulus at low strain. 
As the material is strained, this elastic modulus becomes smaller than the viscous modulus and the 
suspension is said to have yielded. Thus, we defined yielding strain as: 
       ; ;fix y fix yG G     (4.5) 
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Fig. 4.1: (a) Linear viscoelastic response of   0.55showing both cross-over frequencies,  1x  and  2x  
and the breakdown of the linear frequency response into 3 regions. (b) 1x and  2x normalized by long time 
diffusion time,0 . Also shown are the  as extracted by comparing the material to a hard sphere 
suspension. (c)  *R  as defined in eqn (4.26) as a function of volume fraction for both hard spheres derived 
theoretically (plotted as  *2.5* R ) and derived experimentally (green squares). The experimental values 
show excellent agreement with the theory16. 
Attempts to predict the magnitude of yielding strain,  y , and how it varies with volume fraction have relied 
on the concept of the dynamic potential and how the potential barrier height goes to zero when the 
suspensions yields12. In this paper, we discuss in the limitations of this approach to large amplitude 
oscillatory stress response of colloidal suspensions.  While in the plateau region, ( 1De 1 ), the material can 
easily be said to be exhibiting solid-like responses thus enabling conceptualization of a yield strain, the 
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same suspension will display liquid-like responses when 1De 1 . In this paper, by working with intrinsic 
nonlinearities in the suspension mechanical properties, we define strains demarking the onset of flow for 
all probe times thus emphasizing that complete models for the mechanics of near hard sphere suspensions 
must include descriptions covering a spectrum of time scales. In section 4.3.1, we show that the critical 
strain required to achieve intrinsic nonlinearity is a more robust definition for defining the characteristic 
length scale of the suspension. The flow properties are driven by changes in the microstructure under flow 
and we study it by doing small angle neutron scattering on suspensions under oscillatory flow. We show 
the results in section 4.3.2 and compare it with the rheology results. 
4.2 Materials and Methods 
Silica particles17,18 of size,  200 10nmcD were suspended in polyethylene glycol of molecular weight, 
400g/mol (PEG 400). The size was confirmed by dynamic light scattering and small angle neutron 
scattering. The solvent has a viscosity of 0.089Pa.ss  at 
o25 C . For this suspension, the Stokes-Einstein 
diffusivity is: 
14 2
0D 3 2.4 10 m sskT Dc
        (4.6) 
Therefore, we get the long-time relaxation time as: 
2
0 0D 1.6scD          (4.7) 
At low volume fractions, as can be seen in fig. 4.1(a), the suspension viscosity can be written as: 
   
2
1 2.5s H c H ck h k           (4.8) 
where c  is the silica volume fraction, 2.5 Hk  is the intrinsic viscosity and h  is the Huggins coefficient. We 
find that 1.04 0.01Hk    and  6.4 0.3h . We define the effective volume fraction as: 
  H ck         (4.9) 
In this work, the volume fraction ranges from  0.53 0.56 .   
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4.2.1 Rheology 
All rheology experiments were conducted on ARES-G2 from TA instruments. It is a rotational rheometer 
with separate motor and torque transducer. A 25mm, 0.1rad  cone was used with a Peltier plate that 
maintained the temperature at 
o25 C . Rheology experiments were conducted in the linear and nonlinear 
regime. In our previous work, we have focused on the medium amplitude oscillatory stress (MAOS) 
response of suspensions by employing the intrinsic nonlinearity concept developed by Ewoldt and 
coworkers19,20. In this work, we will also look into the large amplitude oscillatory stress (LAOS) response 
of dense, near-glassy, colloidal suspensions. The data was analyzed by employing the Fourier-Chebyshev 
expansion of the stress response. For an input strain: 
   0 sin t        (4.10) 
where  0  is the applied input strain amplitude, the  resultant stress is expressed as a Fourier series: 
            0 0 0 0
:odd
( ; , ) ( , )sin ( , )cosn n
n
t G n t G n t   (4.11) 
These elastic and viscous moduli can be shown to be dependent on strain and strain respectively in the 
linear regime and can be used to define the moduli for elastic and viscous stresses using Chebyshev 
polynomial as: 
   ( 1) 2( 1) nn ne G        (4.12) 


 nn
G
v        (4.13) 
Here ne  and nv  are functions of   and  0  and can be used to get the n-th harmonic elastic and viscous 
stress response of the suspension given by: 
   0n ne         (4.14) 
   0n nv        (4.15) 
 These stress components can then be used to extract intrinsic nonlinearities: 
        2 41 0 1 0 0, LVEe G e O           (4.16) 
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             2 43 0 3 0 0,e e O    (4.17) 
              2 41 0 1 0 0( , ) LVEv G v O    (4.18) 
            2 43 0 3 0 0,v v O    (4.19) 
Here         1 3 1 3, , ,e e v v  are intrinsic nonlinearities that are functions of frequency alone and have been 
used previously to quantify intrinsic nonlinear behavior of near hard sphere suspensions21. The extraction 
of the intrinsic nonlinearities is shown in fig. 4.3. We define the strain at which the suspension begins to go 
nonlinear as: 
      
1
2
1 1cr LVEe G e      (4.20) 
     
1
2
1 1cr LVEv v      (4.21)  
where  1% . In our previous work, we used the critical strains to define the characteristic length scale of 
deformation for these colloidal suspensions and found it to be directly related to the volume fraction 
dependent cage size of a hard sphere suspension as predicted by the work of Schweizer et al16,22.  
Large amplitude oscillatory data was analyzed keeping in mind the instrument torque limit and the sample 
inertia limit. They were calculated using the method described by Ewoldt et al23. The limits have been 
clearly marked in all the rheological data plotted in this paper. 
4.2.2 Small Angle Neutron Scattering (SANS) 
The SANS experiments were performed at National Institute of Standards and Technology (NIST), 
Gaithersburg, MD. The couette geometry shear cell designed by Gurnon et al.24 was used to perform 
experiments in velocity-velocity gradient ( v- v ) plane. The experiments were conducted on the 30m NG3 
machine with a neutron beam of wavelength,  8.4 Al  with a full-width half maximum of 0.125. The 
sample to detector distance was 13.1m  and the scattering wavevector,q , defined as    4 sin( / 2) /q q l
, ranged from 0.0010 / A  to 0.0247 / A . Here   is the scattering angle. The scattering intensity ( )I q  directly 
relates to the structure factor ( )S q  as: 
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( ) ( ) ( )I q CS q P q        (4.22) 
where ( )P q  is the form factor and C is an experimentally determined constant. The data was analyzed using 
the SANS macros in the software IGOR provided by NIST25. The results of the scattering experiments are 
discussed in section 4.3.2. 
4.3. Results and Discussion 
Silica-PEG suspensions with particle size upto 600nmcD  have been shown to behave like hard-spheres 
rheologically14,15. Volume fraction of silica particles has been adjusted to include the change in particle size 
due to adsorbed PEG layer. As has been shown: 
     1 2.8H c g c ck R D       (4.23) 
where the radius of gyration, 0.8nmgR  , for PEG 400. This is why, when compared to our previous work 
where we worked with 40nm  particles where 1.2Hk .  In this work we findt 1.04Hk . The choice of 
particle diameter was also dictated by the rheology of the suspensions formed so that both the cross-over 
frequencies, 1 2,x x  , could be measured rheologically. Hence, in this study, the volume fraction range is: 
0.53 0.56  . Additionally, this choice of particle size enabled measurements of microstructure in 
region II in the SANS experiments with   0.53   and  2.5rad/sp .  
4.3.1 Rheology 
The zero shear viscosity of suspensions, when adjusted for volume fraction according to eqn. (4.9) followed 
the previous results for hard sphere suspensions, as can be seen in fig. 4.2(a). The linear viscoelastic 
response of the suspensions has been reported in fig. 4.2(b) and fig. 4.2(c). Care has been taken to plot the 
inertia limit and torque limit of the rheometer as the suspensions are very viscous in nature.  
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Fig. 4.2: (a) Zero shear viscosity for silica-PEG suspensions align with hard sphere predictions with volume 
fraction adjusted to   according to eqn (4.9). In the inset is seen the calculation of Hk and h . (b) Linear 
elastic and (c) viscous moduli as a function of applied frequency. 
The linear elastic modulus G  and viscous modulus G cross-over for 2 frequencies, namely,  1x  and 2x
, as shown in fig. 4.1(a). In previous work21, we have highlighted the importance of  1x . Increasing the 
frequency above  2x results in a predominantly viscous response to the applied shear. Under these 
conditions, the probe time will greatly exceed by the  relaxation time and in the linear limit we expect the 
sample microstructure to deform in an affine manner.  At large amplitude, once the microstructure is defined 
in the first few strain oscillations, we expect the deformation to be affine as diffusion on a length scale of 
the nearest neighbor separation cannot occur in the time frame of the strain. In addition to the linear 
viscoelastic properties, we performed large amplitude oscillatory shear, LOAS.  The LAOS region has been 
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partitioned into medium amplitude oscillatory shear (MAOS) and LAOS response and are discussed in 
sections 4.3.1.1 and 4.3.1.2 respectively. 
4.3.1.1 Medium Amplitude Oscillatory Stress(MAOS) 
The MAOS response of the suspensions is characterized by determining the intrinsic nonlinearities as 
discussed in section 4.2.1. This method is useful as it decouples the elastic and viscous stress response and 
allows for observation of the changes that occur as a function of frequency alone. The method developed 
by Ewoldt and coworkers19,20 has been previously used to study the response of silica-PEG suspensions 
with particle size of 40 nm and has been reported in Kumar et al21. The volume fraction dependence of 
these critical strains was understood by defining a characteristic length for diffusion characterized by the 
frequency dependent elastic modulus. At high frequencies ( 1De 1 ) this characteristic strain was calculated 
from rloc which is the characteristic cage localization length defined as found in the Dynamic Localization 
theory16,22. Defining a characteristic strain as  r loc cr D , for 1De 30  , we showed that    1cr Re  and 
   1cr Rv were independent of volume fraction.   
Here we have extended these studies to span all three regions shown in fig. 4.1(a). The extraction of intrinsic 
nonlinearities as defined in eqns (4.16)-(4.19) has been shown in fig. 4.3. The data demonstrate that the 
third harmonic response is difficult measure and often for conditions such as those shown in fig. 4.3(b), we 
are unable to extract it for the experimental conditions. The extracted intrinsic nonlinearities non-
dimensionalized with their respective linear viscoelastic moduli have been plotted in fig. 4.4. The 
experiments were performed for different frequencies and the applied frequency has been normalized with 
 1x  to give the Deborah number,  1 1De x . Region III is shown by the vertical dashed lines that are drawn 
at  2 1x x  for each volume fraction. Therefore for the frequencies greater than the position of vertical 
dashed lines, 2De 1 .  
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Fig. 4.3: Extraction of (a) elastic and (b) viscous intrinsic nonlinearities for =0.55 at =2.5rad/s 
The qualitative response of      1 1 3, ,e v v  is very similar to what we reported in our previous work21. The 
values of  1e  for all volume fractions are negative at allDe implying that the suspension always strain 
softens on increasing strain. While,  3v  qualitatively shows the same signs as small particles, for the 
samples studied here   3e  has a reversed sign. Our understanding of this observation is limited.  
Negative  1v for 1De 1  indicates that the suspension shear thins at low 1De . Within a narrow change of 
1De  around 1,  1v  moves from negative to positive for all volume fractions. At values of 1De  near  2 1x x
,  1v  passes through a maximum. This indicates that for 1De 1 , the suspension strain thins but for 1De 1  
the suspension shear thickens. We attribute this qualitative change in behavior to particles being unable to 
undergo diffusion on the time scale of the deformation resulting in greater dissipation of energy.  
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Fig. 4.4: Intrinsic nonlinearities as a function of 1De as defined in eqn.(4.3). The vertical lines represent 
 2 1x x  for each volume fraction plotted in their respective color. 2De  has been defined in eqn(4.4) 
At still higher values of 1De when 2De 1 ,  1v  begins to decrease in value ultimately going negative 
indicating that the suspension has started to shear thin. In the time scale of deformation, for small strains, 
the equilibrium cages are deformed faster than particles can explore their cages.  This gives rise to an 
increasingly viscous response where the high frequency viscosity   is measured.  As the strain forces 
particle out of the linear response region, after an initial transient period, a steady state structure is 
established that does not rearrange during a strain cycle. There is evidence that at these low deformation 
rates of strain, particles tend to form layers that slip over each other thus giving rise to shear thinning26,27. 
The microstructure is being deformed faster than cages can rearrange.  
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Fig. 4.5: (a) Elastic and (b) Viscous critical strains as a function of 1De as defined in eqn. (4.20)and (4.21)
. Critical strains normalized with localization length (eqn (4.25)) as a function of (c) 1De and (d) 2De . The 
vertical lines represent  2 1x x for each volume fraction plotted in their respective color. 
Critical strains as defined in eqns. (4.20) and (4.21) are plotted as a function of 1De in fig. 4.5(a) and 4.5(b) 
for elastic and viscous nonlinearities respectively. We note that, consistent with earlier work, the critical 
strains for observing viscous nonlinearity goes through a maxima at 1De 1 . This is because of the 
competition between shear thinning at 1De <1 and shear thickening at 1De >1. A second maxima in viscous 
critical strain occurs in 2De 1 . This is again due to the competing shear thinning and shear thickening that 
happens near  2x . 
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To better understand the microstructural origins of these strains, we define the localization length using the 
ultralocal theory as developed by Schweizer and coworkers16,22. This localization length, locr depends on the 
volume fraction of the suspension and the plateau modulus( pG ) the suspension has. This   process is 
generally measured rheologically by equating the frequency min  at which  LVEG goes through a minima 
in region II. Since we do not observe this in our experiments and we have already shown that the suspension 
behaves like hard spheres rheologically in the linear limit, we extract min by extracting   predictions for 
hard spheres and has been shown as green crosses in fig. 4.1(b). We then define min as:  
   min min1       (4.24) 
A distinct plateau modulus is not observed in our experiments. In this work, we define it as:    minp LVEG G
. Using this equation, we can define the localization length as: 
 
1 2
loc 18 5 c pr kT D G       (4.25) 
Localization length can be non-dimensionalized with particle dimeter to get a characteristic strain for the 
suspension defined as: 
* loc cR
r D        (4.26) 
Our assumption that the suspension behaves like hard spheres is further strengthened when the localization 
length calculated using the above method is compared with theoretical results for hard sphere systems in 
fig. 4.1(c). It can be seen that the localization length for silica-PEG suspensions aligns well with the hard 
sphere predictions. Furthermore, we observe in fig. 4.5(c) that the ratio of each critical strain with 
corresponding *R
 leads to a self-scaling behavior for 2De 1 , similar to our previous observations. At 
any frequency, the onset of elastic nonlinearities occurs at smaller strains than the onset of viscous 
nonlinearities In region II, where 1 2De 1,De 1  , both the elastic and viscous nonlinearity seem to go 
nonlinear beyond a strain of *~ 0.3 R
  which is consistent with our previous results. Despite the change in 
particle size, we again observe that in dense hard sphere suspensions for 2De 1 , the intrinsic nonlinearities 
at different frequencies are governed by 2 linear parameters: the cross-over frequency, 1x  and the 
localization length, locr , both of which are functions of volume fraction only. 
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For 2De 1 , the critical strains do not have volume fraction dependencies governed by the cage size. 
Additionally, 2x  is not the characteristic time scale as confirmed by fig. 4.5(d). At high frequency (
1 ) and large strains, the nearest neighbor cages are disrupted by strain and the deformation is faster 
than particles can explore equilibrium nearest neighbor cages.  As a result, the concept of a diffusive barrier 
limiting the time to exchange nearest neighbors no longer is valid.  As a consequence, a new physical 
regime outside of that captured in Dynamic localization theory has been entered and we do not expect 
changes in nonlinear response to correlate with 2x  . Given the suspension flow properties vary widely in 
all 3 regions, detailed LAOS studies for done in each region to better understand the nonlinear flow of dense 
suspensions. 
4.3.1.2 Large Amplitude Oscillatory Stress 
Here we describe the large amplitude strain responses for the suspensions studied. Measurements were done 
on all the volume fractions at two frequencies, 0.8rad/s,2.5rad/s,20rad/s  and are shown in fig. 4.6. It 
can be seen that the suspension in general strain softens at all frequencies at all amplitudes. The viscous 
response is not so straight forward. At very high strain amplitudes, the suspension shear thins at all 
frequencies except for 20rad/s  where it shear thickens. Even though the probe frequency is the same 
for all the suspensions, the De1 region probed differs. Hence, below we discuss in detail the LAOS response 
of the suspension at 0.53  which allows us to probe into all the 3 regions shown in fig. 4.1(a). 
The large amplitude viscoelastic response in region I has been shown in fig. 4.7(a). With  1 1.8rad/sx , 
the suspension is sheared from   0 0.005 30  at    10.8rad/s De 0.4 . The suspension strain softens 
and shear thins as the strain amplitude is increased. Lissajous curves (LC) for strain amplitudes marked by 
vertical dashed lines in fig. 4.7(a) are shown in fig. 4.7(b). It can be seen that the area inside the curve 
decreases with increasing strain amplitude indicating loss of stored energy. Additionally, the slopes 
indicating 1 (shown as dashed lines in the LC) also decrease with increasing shear rate. The first, third and 
fifth harmonic elastic and viscous stress responses are shown in fig. 4.7(c) and 4.7(d) where it can be clearly 
seen that the first harmonic stress response dominates at all strain amplitudes.  
 
86 
 
 
 
Fig. 4.6: Large amplitude oscillatory response of all the suspensions at 0.8rad/s,2.5rad/s,20rad/s . The 
closed symbols show 1G  and open symbols show 1G . 
Change in large amplitude viscoelastic response in region II is shown in fig. 4.8(a). Region II is also the 
region generally associated with the glassy response or elastic plateau in dense colloidal suspensions. As 
such, it can be seen that at low strain amplitude, the suspension is slightly more elastic than viscous. With  
   12.5rad/s De 1.4 , the response to increasing strain amplitude will explore limitations to long range 
diffusion due to cage dynamics. On increasing stain, the suspension strain softens. The viscous modulus 
however goes through a maximum. The suspension initially shear thickens and then softens with increasing 
strain amplitude. This is also reflected in the LC for the strains shown as vertical dashed lines in fig. 4.8(a). 
LC in fig. 4.8(b) show decreasing area within the curve with increasing strain amplitude indicating loss of 
stored energy. The dashed lines in the LC show that the viscosity first increases with strain and then 
decreases. This confirms our results from MAOS work reported above that the suspension shear thickens 
87 
 
due to initial restraint from its nearest neighbors before being able to flow easily. The higher order elastic 
and viscous stress responses in fig. 4.8(c) and 4.8(d) show that the first order response dominates at high 
strain amplitudes. This is important when studying SANS as the reported scattering images in section 4.3.2 
are for     00.53, 2.5rad/s, 30 . 
 
 
Fig. 4.7: For =0.53 at =0.8rad/s, plotted in (a) Viscous and elastic moduli as a function of applied strain 
(b) Lissajous curves at the strains marked in (a) with dashed lines marking1  (c) Elastic and (d) Viscous 
stress response showing increased higher harmonic contribution with increasing strain. 
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Fig. 4.8: For =0.53 at =2.5rad/s, plotted in (a) Viscous and elastic moduli as a function of applied strain 
(b) Lissajous curves at the strains marked in (a) with dashed lines marking1  (c) Elastic and (d) Viscous 
stress response showing increased higher harmonic contribution of elastic stress with increasing strain 
The suspension was also sheared at  20rad/s . With  2 5.3rad/sx , for this flow condition, we get: 
 1 2De 11.1,De 3.8 . At such high frequencies, both long distance diffusion and diffusion within the cage 
are suppressed. We expect that the suspension response to strain amplitude to reflect periodic deformation 
of an essentially static microstructure. As can be seen in fig. 4.9(a), the suspension continuously strain 
softens with increasing strain amplitude. This is also reflected in the reduced area inside the LC in fig. 
4.9(b). At this strain frequency we note that higher harmonics become more important but the first harmonic 
elastic response remains dominant (fig. 4.9(c) and 4.9(d)). The viscous response, however, is not so straight 
forward. With increasing strain amplitude, the suspension begins to shear thin, then thickens and then again 
shear thins followed by eventual shear thickening. This is further confirmed by the slopes that have been 
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shown in the inset of fig. 4.9(b). At this frequency ( 2De 1 ),  LVE LVEG G and stress transfer in the material 
is dominated by a viscous or liquid-like response. Thus we observe shear thinning initially. On increasing 
the strain amplitude, shear thickening is observed due to the increase in energy loss as the cage 
microstructure is deformed to an extent that particles are forced to periodically move into close proximity 
by the strain. On further increasing the strain amplitude, the microstructure can no longer sustain its 
equilibrium cage structure and there are rearrangements resulting in shear thinning.  Eventually the strain 
is sufficiently large that hydroclusters are periodically formed resulting in the final shear thickening. 
 
 
Fig. 4.9: For =0.53 at =20rad/s, plotted in (a) Viscous and elastic moduli as a function of applied strain 
(b) Lissajous curves at the strains marked in (a) with dashed lines in the inset marking1  (c) Elastic and (d) 
Viscous stress response showing increased higher harmonic contribution of elastic stress with increasing 
strain 
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Often in studies of dense or strongly interacting systems LAOS experiments are used to characterize the 
strain required to force a solid-like material to flow12,13. This strain, called yielding strain as defined in eqn 
(4.5), is where the suspension flow is dominated by viscous moduli. Fig. 4.10(a) marks the yield strain for 
  0.55  marked as suspension A at 2.5rad/s . Also shown is the yielding strain for   0.639  for 130 
nm polymethyl methacrylate (PMMA) particles suspended in octadecene-bromonapthalene mixture 
extracted from Koumakis et al.28, marked as suspension B and at  1rad/s and   0.575  44 nm silica 
particles in PEG 400, marked as suspension C29, at 62.8rad/s . All of the suspensions are near hard 
sphere suspensions and all of them show a yielding strain (vertical solid lines).  Never-the-less, the 
dominating viscous behavior in all 3 cases is different. Suspension A is shear thickening due to stain 
activated cage hopping at the time of yielding. Suspension B is showing increase in energy dissipation due 
to particle being brought into close proximity by the strain. Suspension C has started to shear thin post the 
initial shear thickening. Thus, we argue that yielding strain gives a limited understanding of the LAOS 
response of colloidal suspensions. 
Yield strains defined as the point where  G G  can only be defined in region II where  LVE LVEG G . In fig. 
4.10(b) we show the yielding strain at the 2 frequencies where we could achieve region II,  0.8rad/s and
 2.5rad/s . As can be seen yielding strain is a function of frequency. The yielding strain increases with 
increases at the same volume fraction. To eliminate the volume fraction dependence, the yielding strain has 
been plotted as a function of 1De in fig. 4.10(c) and it can be seen that yielding strain increases with 1De . 
This is to be expected as the suspension becomes more elastic with increasing 1De as long as   min . 
However, this yielding strain will begin to decrease as 1De further increases as  LVEG  begins to increase 
when   min as the suspension’s viscous behavior begins to approach its affine deformation.  
 
91 
 
 
 
Fig. 4.10: Yield strains for (a) 3 suspensions named as A, B and C with yield strains marked with solid line 
in their respective color (b) all the volume fractions of silica-PEF suspensions at different  as a function 
of volume fraction and (c) as a function of De
1 
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4.3.2 SANS 
 
 
Fig. 4.11: (a) Form factor of silica particles showing the particles were 200 nm in diameter (b) Oscillatory 
cycle being binned into 28 parts (c) Strain cycle marking the bins that are being studied in this work. 
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Fig. 4.12: Scattering images for the suspension at rest and at different bin locations showing maximum 
change from rest in bin 8 and bin 22. 
Time-resolved neutron scattering30 was done on a suspension with   0.53  at  02.5rad/s, 30 . The 
form factor plotted in fig. 4.11(a) confirms the particle size to be  D 200 5nmc . The oscillatory cycle was 
broken down into 28 bins as shown in fig. 4.11(b). The microstructure was recorded in the velocity – 
velocity gradient ( v v ) plane. The scattered images have been plotted in fig. 4.12.  While noisy, clear 
changes in the scattering pattern can be seen with strain.  In Bins 1 and 15, the strains are at maximum and 
the shear rates are zero and the structures are largely symmetric. In Bins 8 and 22 the strain is zero and the 
strain rates are at their maximum values. Under these conditions asymmetries in the scattering are observed 
with maximum intensities showing up along the compression axis and minimum intensities along the 
extension axis. Within the noise levels, we do not observe increases in intensity at low q values for any 
strain suggesting that in the region studied, hydroclusters (and thus thickening) does not occur31. Further 
analysis of the structure was not possible due to the noise in the data. To gather scattering data including 
the low scattering vector region, the experiments for 200 nm particles required the detector to be 13 m from 
the sample. This greatly reduced the count rate of the scattered beam and even though the experiment was 
conducted for nearly 32 hours, the counts were not high enough to provide a sufficient signal to noise ratio 
to extract structural harmonics to numerically characterize time dependent microstructural changes.  
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4.4. Conclusion 
A detailed study was done on the flow behavior of silica-PEG particles. The suspensions were subjected to 
oscillatory shear and the response was observed at different time scales and strain amplitudes. We confirm 
previous studies that in the regions defined as region I and II, the suspension was governed by the cage 
dynamics where a characteristic length scale is found to be the localization length which depends on the 
volume fraction and its magnitude is well captured by Dynamic Localization theory.  In our work we find 
the localization length from the elastic modulus at a frequency where    1 /LVEG  where   is 
extracted from theoretical predications for hard spheres. Unlike many studies of colloidal suspensions 
where  is taken as the characteristic time for suspension response, we find that  1x ,which is a 
combination of the alpha and beta relaxation times, captures the time dependence of changes to the onset 
to nonlinearities.  Large amplitude deformations in region II result in the periodic built up of boundary 
layers around a central particle along the compression axis with decrease along the extension axis at 
maximum shear rate with no indication of layer formation or build-up of large clusters during a strain cycle. 
As expected, in this region both G  and G  strain soften at high strain amplitudes. As frequency is 
increased, LVEG exceeds LVEG  and region III is entered. The flow behavior in region III was quite distinct 
from that in regions I or II. While LVEG  shows a near logarithmic increase with frequency, LVEG  grows in a 
near linear manner with strain frequency.  The onset of elastic nonlinearities occurs at an essentially 
constant critical strain in regions II and III suggesting that elastic nonlinearities remain controlled by 
equilibrium cage characteristics.  However, the onset of viscous nonlinearities shifts from being dominated 
by cage dynamics in region II to being decoupled from equilibrium cage properties as region III is entered. 
Yield strains (measured only in region II) of colloidal glasses are strain frequency dependent but seem to 
follow a volume fraction independent curve when plotted as a function of 1De  (for   1 2 11 De x x ). It 
can be concluded that the LAOS behavior of dense colloidal suspensions is strongly dependent on probe 
time and while, region I and region II have been studied in detail, more experiments need to be done both 
rheologically and structurally to understand the complex flow dynamics at very high frequencies.   
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CHAPTER 5 
STUDY ON RELATION BETWEEN MICROSTRUCTURE AND STRESS RESPONSE 
OF DENSE COLLOIDAL SUSPENSIONS UNDER STEADY SHEAR AND LOW 
FREQUENCY OSCILLATIONS USING RHEO-SANS 
5.1 Introduction 
In this paper, we explore the connection between microstructure and mechanical properties in dense near 
hard sphere suspensions.  Our goal is to show that the deformation of suspensions results in alterations in 
the particle microstructure but it does not lead to a one to one mapping between rate of deformation and 
particle packing.  This area of investigation is a subject to a long history dating to the work of Batchelor 
and Green who showed that changes in pair distribution functions give rise to the Huggins coefficient (the 
order 2 term in a virial expansion of steady shear viscosity, where  is the particle volume fraction)1. The 
linear deformation of microstructure has been linked to storage and loss of energy in small oscillatory 
deformations2,3. More recently, Wagner and coworkers developed connections between suspension 
microstructure and steady shear stress response in dense suspensions4–6. Analytical expressions linking 
stress transfer and particle packing have been augmented by detailed simulations7,8.  From this work has 
come the understanding that the stress required to establish steady shear can be broken into contributions 
arising from hydrodynamic contributions and thermal or Brownian contributions.  The zero shear rate 
viscosity is associated with the linear deformation of the microstructure while shear thinning is associated 
with a layering of hard spheres and at higher shear rates, shear thickening is attributed to the formation of 
hydroclusters- aggregates of particles produced by very thin boundary layers of particles created when the 
high convective flux driving particles together is balanced by a diffusive flux that enforces a no-overlap 
condition at the hard particle surface. The deformation of the microstructure under shear is anisotropic and 
can be decomposed into a series of harmonics based using a set of three dimensional basis functions9,10.  
Wagner and coworkers developed understanding of which components of the microstructure contribute to 
the observed stress response4. Their work has shown that the hydrodynamic and thermodynamic 
contributions stress arise come from different microstructural contributions and thus from scattering studies 
one can determine their respective contributions to the stress.  This has been accomplished for only a few 
suspensions with the most complete set of measurements arising for near hard spheres under steady shear6.   
Here we explore the mechanical properties and microstructure of a suspension under steady and oscillatory 
shear.  Moving to periodic deformation gives rise to both time and strain magnitude dependent components 
of stress and microstructure.  The result is that both the microstructure and the stress change as a function 
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of time during a strain cycle.  To explore microstructural variations during deformation we measure the 
time dependent suspension structure factor S(q) by doing small angle neutron scattering (SANS), where q 
is the momentum transfer vector. Our measurements are in the velocity-gradient of velocity ( v v ) plane. 
The measurements are made in a way that during each strain cycle, snap shots of S(q) are taken at fixed 
strains.  The neutron flux at these strains is low, requiring us to make measurements over many hours 
building up scattering profiles at each strain.  The duration of the experiments is sufficiently long that we 
are unable to explore a comprehensive range of time and strain dependencies. Here, our attention is turned 
to a single strain well outside the linear mechanical response limit.   
Our suspensions have a characteristic relaxation time x , which we define as: 
   ; 1LVE x LVE x x xG G         (5.1) 
 where LVEG  and LVEG are the linear viscoelastic storage and loss moduli measured a frequency . For 
Deborah numbers defined as: 
De x        (5.2) 
The suspension microstructures are in the terminal regime when De 1allowing the particles in the 
suspension to diffuse many particle diameters during a strain cycle11. For De 1 , the particles cannot 
undergo long range diffusion during a strain cycle.  At low strains, we can measure the elastic and viscous 
moduli of the suspension, LVEG  and LVEG respectively. For De 1 , LVEG  increases as 
2 and LVEG  
increases as  becoming equal at x . For De 1 , LVEG  reaches a glassy plateau and LVEG  passes through 
a minimum. At very large De, LVEG  increases again in a linear fashion with . 
 As strain amplitude increases, for all De, the mechanical response becomes nonlinear. We have shown in 
previous work that for a range of volume fractions, the characteristic times defining the onset of 
nonlinearities is x  and we have characterized the volume fraction and De dependencies of the critical 
strain amplitude, cr , required to drive a suspension response nonlinear
12.  Here we explore mechanical 
and stress transfer properties for a dense suspension in the terminal region (De=0.02) but with strain 
amplitude 0 1
cr


.   
In section 5.2 we discuss our experimental materials and methods detailing the theoretical underpinnings 
of our analysis of the microstructure.  We build on the work of Wagner and coworkers and ultimately relate 
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different harmonics from decomposition of the microstructure to hydrodynamic and thermodynamic 
contributions to the stress. In Section 5.3.2a we use these methods to reproduce the work of Gurnon and 
Wagner6 to show that by choice of constants to weight the harmonics of the microstructure, we can 
reproduce the steady shear rate dependent mechanical response of the suspension.  In section 5.3.2b, we 
use similar methods to extract the time dependent harmonics of the microstructure in oscillatory shear at 
large strain amplitude and De 1 .  Again by choice of constants to weight the microstructural harmonics, 
we show the relation between changes to microstructure to oscillatory shear.  Conclusions are drawn in 
section 5.4 where we discuss our observations that when De 1 , nonlinearities are driven by rate of 
deformation and not amplitude.  In addition we show that while the stress transferred at a given 
instantaneous shear rate – even when De 1- is dependent on shear history, the instantaneous 
microstructure reflects hydrodynamic and thermodynamic contributions to that stress.  
5.2 Materials and Methods 
5.2.1 Material System 
The suspension composed of silica particles13,14 of size 40 5nmcD   suspended in polyethylene glycol 
(PEG) with a molecular weight of 400g/mol . This PEG 400 was acquired from Sigma-Aldrich and has a 
viscosity of 0.089Pa.ss   at 
o25 C which leads to the following Stokes-Einstein diffusivity of 
13 23 1.11 10s ckT D m s
  . This gives the Stokes-Einstein diffusion time: 
3 23 1.74 10o s cD kT s 
      (5.3) 
At low volume fraction the suspension viscosities can be written as: 
    
2
1 2.5s H c H ck h k         (5.4) 
where 
c  is the silica volume fraction, 2.5 Hk is the intrinsic viscosity and h  is the Huggins coefficient.  
Similar to previous work12, we find 1.20 0.02Hk    and 6 0.04h   . In this work, we work with an 
effective volume fraction, 0.52e H ck   . As shown in fig. 5.5(b), we get 128rad/sx  . This implies 
that 0.008sx  . In this work, the characteristic time scale has been defined in terms of x . Since 
traditionally the time scales are normalized with the long time diffusion time scale, the following ratio can 
be used for any adjustments the reader might want to make:  
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0
0.46x


       (5.5) 
5.2.2 Rheology 
All rheology experiments were conducted on a rotational rheometer with separate motor and torque 
transducer (ARES-G2 from TA Instruments). A 50 mm diameter cone with 2o angle was used on a Peltier 
plate that maintained the temperature at o25 C . Steady shear and linear viscoelastic experiments were 
performed. In addition, large amplitude oscillatory shear (LAOS) experiments were done. The data was 
analyzed by employing the Fourier-Chebyshev expansion of the stress response as developed by Ewoldt 
and coworkers15,16 to extract intrinsic nonlinearities. For an input strain: 
0 sin t          (5.6) 
where 0  is the applied input strain amplitude, the  resultant stress can be expressed as a Fourier series:  
 0 0 0 0
:odd
( ; , ) ( , )sin ( , )cosn n
n
t G n t G n t              (5.7) 
These elastic and viscous moduli can be shown to be dependent on strain and strain respectively in the 
linear regime and can be used to define the moduli for elastic and viscous stresses using Chebyshev 
polynomial as: 
( 1) 2( 1) nn ne G
          (5.8) 
n
n
G
v


        (5.9) 
Here ne  and nv  are functions of   and 0  and can be used to get the n-th harmonic elastic and viscous 
stress response of the suspension given by: 
0n ne           (5.10) 
0n nv          (5.11) 
 These stress components can then be used to extract intrinsic nonlinearities: 
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        2 41 0 1 0 0, LVEe G e O           (5.12)
      2 41 0 1 0 0( , ) LVEv G v O            (5.13) 
 
Fig. 5.1: Extraction of elastic and viscous nonlinearities using eqn. (5.12) and (5.13). The suspension shear 
thins and strain softens on application of stress at =2.5 rad/s or De=0.02 
Here    1 1,e v  are intrinsic nonlinearities that are functions of frequency alone and have been used 
previously to exhibit nonlinear behavior of near hard sphere suspensions. The extraction of the intrinsic 
nonlinearities has been shown in fig. 5.1. We define the strain at which the suspension begins to go 
nonlinear as: 
   0.5 1 1( ) ; ,cr LVE LVEf f f G e G v         (5.14) 
where 1%  . It is to be noted that the elastic and viscous contributions to the stress go nonlinear at 
different strains. In our previous work12, we used the critical strains to define the characteristic length scale 
of deformation for these colloidal suspensions and found it to be directly related to the volume fraction 
dependent cage size of a hard sphere suspension. For this suspension, where 0.008sx  and we work at a 
strain frequency of 2.5 rad/s, De=0.02 and the elastic and viscous critical strains were found to be 
  1 0.06cr e   and   1 0.42cr v  respectively. In the following sections, we refer 0.42cr   as for strain 
amplitudes greater than that, the suspension flow is nonlinear both elastically and viscously. 
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5.2.3 Small Angle Neutron Scattering (SANS) 
SANS experiments were performed at National Institute of Standards and Technology (NIST) at 
Gaithersburg, MD on the 30 m NG3 machine. 6Al   wavelength neutron beam was used with a 
wavelength spread (full-width half maximum) of 0.125. The sample to detector distance was 4.5m  and the 
wavevector, q , defined as 4 sin( / 2) /q q l   , ranged from 0.0067 / A  to 0.0936 / A . Here   is the 
scattering angle. The experiments were conducted in the v v  plane using the Couette cell geometry and 
experimental setup as developed by Gurnon et al. A schematic for the setup has been shown in fig. 5.2(a). 
The data was analyzed using the SANS macros of IGOR17. 
(a)  
(b)  
 
Fig. 5.2(a): Schematic of experimental setup for SANS to scatter from v v   plane18 (b) Form factor 
for silica particles confirming particle diameter to be ~40nm. 0.08   suspension was used and the 
polydispersity was measured to be 10%. The following parameters were used to fit the data: 
2
5.8 07APEGSLD e

   and 
2
2 1.8 06ASiOSLD e

   
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The scattering intensity ( )I q  directly relates to the structure factor ( )S q  as: 
( ) ( ) ( )I q CS q P q          (5.15) 
where ( )P q  is the particle form factor and C is an experimentally determined constant. Here we follow the 
work of Gurnon and Wagner6 in decomposing the microstructure. Below we bring together the description 
of microstructural analysis and links between microstructure and mechanical properties.  
 Expanding the 3D microstructure using spherical harmonics, the structure factor can be expressed as: 
    , , ,
,
( ; ) 1 ( , ) ( 1)ml m l m q l m q
l m
S q Pe B q Pe Y Y          (5.16) 
where: even 0l l m   ,  
 ,l mY  are the spherical harmonics and ,l mB
  their coefficients 
 0Pe    , q q q  . It is to be noted that Pe can be converted to Wi used in this paper by using 
eqn. (5.5) as: Wi=0.46*Pe . This is especially important at De=0, because it defines the characteristic time 
scale being considered for the flow. 
Since the scattering experiments were done in the v v plane, a projection of the 3D microstructure in 
that plane leads to the following expansion: 
   
         
        
0,0
2,0 2,1 2,2
4,0 4,1
4,2
1
1
1 5 15 1 15
1 3cos(2 ) sin( )cos( ) 1 cos(2 )
4 2 4 2
3 1 3 5 7
9 20cos(2 ) 35cos 4 sin( )cos( ) sin 4
64 8 4
S q B q
B q B q B q
B q B q
B

   
  
    
 

  
 

 
    
 
     
              
     
    
               
         
    
4,3
4,4
3 5 3 7 3 35
2cos(2 ) cos 4 2sin(2 ) sin 4
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q B q
B q l
   
 
 



    
              
 
      
 
(5.17) 
Here ( )S q  is the structure factor when measured in v v plane and   is the angle as shown in fig. 5.3. 
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(a) (b)  
Fig. 5.3: (a) Scattering image in the v v plane (b) A segment of the scattering at wavevector q at an 
azimuthal angle  . The structure factor for this annular region in the v v  plane is given in eqn.(5.17) 
Use of spherical harmonics allows us to predict the thermodynamic and hydrodynamic stress in the system 
due to microstructural changes. Using the expressions derived by Wagner & Ackerson4, where   denotes 
shear stress, superscript T  and H  denote thermodynamic and hydrodynamic component respectively, we 
find: 
  * 22,1( ) ( ; )
30
T Pe q B q Pe q dq

 
 
      (5.18) 
 
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  is the number density of particles in the suspensions. The definitions of other variables  
*, ( ), ( ), ( 0,2,4)iq q i      have been given in appendix A and their details can be found in the 
literature1,3,19–21.  
The focus of these experiments is to observe the changes in microstructure from the quiescent state. Hence, 
weighted average functions have been defined where integration is done over the azimuthal angle ( ) 
weighted by function cos( ); 0,2,4n n   or, cos sin  : 
 
2
0
1 ( , , )
, cos 0,2,4.....
2
( , 0)
n
I q
W q n d n
I q

 
  


 
  
  
   (5.20) 
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
 
 
  
    (5.21) 
The detailed expression of Wn is given in appendix A and their derivation can be found in Gurnon & 
Wagner6.  
5.3 Results and Discussion 
The silica-PEG suspension studied here was chosen as it has been shown to have rheological properties 
similar to hard sphere systems: the zero shear rate viscosity, the longest relaxation times, and the glassy 
modulus have magnitudes and volume fraction dependencies expected for hard spheres2,12,22,23. The aim of 
this study is to directly compare the structure at De 0 and De<1(i.e., under steady shear and at high strain 
oscillatory deformation when the frequency of strain is smaller than the relaxation time of the suspension.). 
Their rheological response has been plotted in fig. 5.4(a) for reference. In blue, we plot stress as a function 
of shear rate for steady shear.  For negative shear rates the stress is negative.  Shear thinning is clearly 
evident in this plot.   In green, we plot the oscillatory data for 00 75 / s   .  At zero rate of strain 
(maximum amplitude strain) we observe a residual stress indicating the magnitude of the elastic modulus.  
At higher rates of strain, the suspension thins and the elastic contribution is lost. Also are plotted the blue 
straight line at De=0 indicating steady shear and a green line at De>0 indicating oscillatory shear. The 
relative positions of the black dots on it indicate the relative Wi and De numbers and the scattering images 
for those flow conditions are plotted in fig. 5.4(b). 
107 
 
Along the De=0 vertical line indicating increasing Wi, the steady rate of strain is increasing. The scattering 
patterns under steady shear at 0Wi= 0.8,14.1x    show changes in the microstructure indicating a buildup 
of particles along the compression axis and a depletion of particle along the extension axis of the shear with 
increasing shear rate. For De=0.02, we look at oscillatory deformation at the maximum rate of strain (i.e., 
at a strain of 0). Again one can observe alterations in microstructure from the isotropic scattering pattern 
observed at rest. Additionally, scattering images at nearly same Wi but different De appear to have similar 
microstructure. Below we quantify changes to microstructure as Wi is increased at De=0 and at different 
values of stain at De=0.02.  
 
 
Fig 5.4: Pipkin space showing (a) rheology and (b) SANS images obtained for colloidal suspension with 
0.52    at different points in the space. In the inset of (a), the rheology at low strain rate is shown for 
both oscillatory and steady shear. 
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5.3.1 Rheology 
The suspension has a zero-shear rate viscosity, 17.8Pa.sf  at an effective volume fraction of, 0.52e 
. This leads to a relative viscosity of 200r  . The suspension shear thins at high shear rate, as can be seen 
from fig. 5.5(a). The linear viscoelastic response in fig. 5.5(b) shows that 128rad/sx  .  
(b)  
Fig 5.5: (a) Steady shear response of colloidal suspension showing shear thinning (b) Linear viscoelastic 
response of the suspension showing x  (eqn.(5.1)) and probe frequency p   
LAOS experiments were conducted at a probe frequency (shown in fig. 5.5(b)), 2.5rad/sp  . Thus, for 
this condition, De=0.02 . In agreement with our previous work12, as can be seen in fig. 5.6(a), the suspension 
shear thinned and strain softened at high strain amplitude. The resultant Lissajous plot in fig. 5.6(b) also 
confirms the main observation. Applying eqn. (5.12) and eqn. (5.13), we find:    1 10, 0e v  . This result 
is expected based on our previously published work which focused on the onset of nonlinearities.  
In linking microstructure to mechanical properties in this study, we work at large amplitude strains ( 0 30   
). By following the expansion of stress to higher harmonics as described in eqns (5.7)-(5.9), we can 
understand their relative contributions. In Fig 5.6(c), we show the first, third and fifth harmonic elastic and 
viscous stress response to applied strain. We observe that at the probe strain, 30p   , the first harmonic 
stress dominates in both the elastic and viscous response. As a result, we anticipate that the conclusions 
drawn about the onset of nonlinearities being driven by strain rate as opposed to strain are still valid.   
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(a) (b)  
(c)  
(d)  
Fig 5.6: (a) Elastic and viscous moduli as a function of applied strain at p (b) Lissajous plot showing 
stress response of suspension at p  (c)  1 3 5, ,      and (d) 1 3 5, ,      as a function of strain amplitude at 
p  indicate that at high strains, elastic (and viscous) nonlinearities are dominated by first order stress 
response at probe strain amplitude, 30p   . 
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5.3.2 SANS 
The scattering image from fig. 5.4(b) shows that both under steady shear and oscillatory shear, the scattering 
pattern, when looked at with flow under oscillations were in the same direction as steady shear, show some 
similarities. There is a peak in intensity along o45  while it goes through a minima along o45   . This 
is synonymous with suspensions showing increased scattering along the compression axis as the particles 
come together under flow. We do not observe sharpening of the intensity peak along the compression axis 
and hence predict that there was no shear thickening in the system, as reflected by the rheology24,25. 
The flow conditions studied by SANS and are reported in this work have been listed in table 5.1. As can be 
seen, there are 4 steady shear experiments and 1 oscillatory experiment with 02.5rad/s, 30   . The 
oscillatory cycle was studied stroboscopically with the resultant scattering divided into 28 bins of equal 
time difference, as shown in fig. 5.7(a). With a time period of 2.5 s, scattering from each of the 28 bins 
comes from averaging the microstructure over the time of 0.9 s, the time span of each bin.  In fig. 5.7(b), 
we have highlighted the bins we will be focusing on this work.  
(a) (b)  
Fig 5.7: (a) Oscillatory cycle response being broken down into 28 bins (b) strain cycle showing the 8 bins 
reported in this study. 
The average structure factor in v v  plane of the suspensions under different flow conditions is shown 
in fig. 5.8. The structure factor under steady shear is shown in fig. 5.8(a). It can be seen that with increasing 
strain rate, there is increase in intensity at 5cqD  . Additionally, the coherence in the nearest neighbor peak 
decreases. Both these results are expected as a result of the anisotropy in the structure as observed in the 
scattering images shown in fig. 5.4(b).  
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Under oscillatory flow, similar anisotropy is observed for bin 8 and bin 22, as shown in fig. 5.14 and is 
reflected in the structure factor observed in fig. 5.8(b). One important objective of this work was to compare 
the microstructure under similar Wi but different De. The scattering images in fig. 5.4(b) at 
Wi(De 0) 0.8,Wi(De 0.02) 0.6     do not show much difference. This is reflected in their structure 
factors plotted in fig. 5.8(c). There is a tendency for the scattering patterns to show greater anisotropy under 
steady shear but these differences are not large. To quantify the changes in the structure under flow, we plot 
the ratio of these structure factors with the quiescent stage in fig. 5.8(d). As expected the structure shows 
more changes with increasing Wi.  
 
Fig. 5.8: Structure factors in the v v plane for (a) steady shear (b) oscillatory shear in different bins and 
(c) flow conditions with similar Wi but different De. In (d) we plot the ratio of structure factors under flow 
with quiescent stage to highlight the change from microstructure at rest. Bin 1 and 15 have 0   while the 
shear rate is at its maximum at bin 8 and 22 with the magnitude of 75 / s    
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Table 5.1: Flow conditions over which SANS studies were done and are reported in this work 
Flow Condition  
Strain Rates (  1 / s ) 
Number of 
conditions studied 
Rest 0 1 
Steady Shear 10, 100, 1000, 1800 4 
Oscillatory Shear 
 ( 02.5rad/s, 75 / s    ) 
0, 53, 75 – Instantaneous strain rates 
averaged over the time of each bin 
8 
The average structure factors give limited information about the changes in structure with applied strain 
rate. Hence, in this work, we use weighted averages described in eqn. (5.20)-(5.21) to describe the symmetry 
observed in the v v  plane. 0 ( )W q  does not involve any weighting and describes the average number of 
nearest neighbors regardless of the angular position, as can be seen in fig. 5.9(a). 2 ( )W q  gives a quantitative 
measure of twofold symmetry in the scattering plane. As can be seen in fig. 5.9(c), at o o0 ,180  , the 
weighting average is positive while it is negative in the o o90 ,270  . The fourfold symmetry is studied by 
looking at 4 ( )W q  as seen in fig. 5.9(d). The simulations by Nazockdast & Morris
26 show that the fourfold 
symmetry is indicative of packing effects observed in concentrated suspensions at high shear rates. Hence, 
4 ( )W q is important in the study of stress response of suspensions at high shear rates. Care needs to be taken 
when discussing 2 ( )W q  and 4 ( )W q  as they are not mutually independent and can represent different 
exhibition of the same artifact.  
The microstructure is anisotropic in three dimensions.  Additionally, the equations defining stress require 
integration over all q values. Since we are limited by time and experimental limits, we evaluate the data in 
fig 5.8 over a q range where the maximum change in the microstructure is observed. This q range is given 
in table 5.2 for both steady and oscillatory shear work. We can now calculate W 
 
 
 
 which is not a function 
of q  and is defined as: 
 
   
max
min
2
max min
1
,
c
c
D q
n n c c
c D q
W W q qD d qD
D q q
 
   
   
   
    (5.22) 
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Fig 5.9: Overlap of S S( ) S( 0)      with cos(n ) where n= 0, 2 and 4 for (a), (c) and (d) respectively 
and  cos( )sin  for (b).  The data in blue is negative while in red is positive. The solid black lines have 
been drawn at every 45
o
 staring from o0  . It is to be noted that this paper concentrates on S for 10cqD 
and the main idea of these figures is to explain the spherical harmonic projections. 
5.3.2.1  Steady Shear 
The scattering images with increasing shear rate are shown in fig. 5.10 where the microstructure becomes 
more aligned in the direction of flow with increasing shear rate. We have extracted nW  from these scattering 
patterns and the results are plotted in fig 5.11.  
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Fig. 5.10: Scattering images for steady shear experiments at (1/ )s : 0, 10, 100, 1000 and 1800 
 
Fig 5.11: Weighted factors (a) W0 (b) W2 (c) W4 and (d) W21, as a function of qDc for different strain rates 
under steady shear. 
We note that the values of nW  indicate the contribution of the desired symmetry to the overall 
microstructure.  Their magnitudes indicate changes from the zero shear rate microstructure.  A negative 
value indicates that the microstructure with the nW  symmetry has a decreased contribution to the overall 
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microstructure at that q. The magnitudes of nW  can be compared to the quiescent stage to characterize the 
degree of change as a result of applied strain rate. For example, as seen in 0W , with increasing shear rate, 
larger structures are being produced in the suspension suggesting the build-up of hydrodynamic 
stresses7,11,25.  For c6 D 10q  , the scattering intensities are independent of shear rate indicating that there 
are small changes to density fluctuations on a length scale comparable to a particle diameter. We note that 
as the high shear rate plateau viscosity is approached, 0W  saturates showing no changes for  100 / s  . 
Interpretation of changes in higher order harmonics relate to how different components of the 
microstructure are affected by the rate of deformation. In particular we are interested in how these 
components contribute to the overall stress. We use average values of nW  determined over a range of q that 
characterizes relatively large wave length fluctuations (density fluctuations on the order of a particle 
diameter and larger). These values are plotted in Fig 5.12.    
Table 5.2: cqD  range over which nW  was integrated 
 Steady shear 2.5rad/s    
min cDq   2.8 3.2 
max cDq  10.2 9.8 
Major observations we take from fig. 5.12are: 
1. The magnitudes of 0W and 4W systematically increase with shear rate. Thus they are well correlated 
with stress transfer. Having the same order, these symmetries must contribute in approximately 
equal ways to distortion of the isotropic symmetry seen at rest.  
2. 2W  is smaller in magnitude than 0W  and 4W  and exhibits an increasingly negative value showing 
changes in symmetry of the microstructure. This was to be expected as the structure orients itself 
along o o90 ,270   with increasing strain rate and the weighted factor is negative for those angles 
as can be seen in fig. 5.9(c). 
3. 21W has a magnitude that is substantially smaller  than other snW . It increases in value with 
increasing shear rate. Since, 21W  symmetry corresponds to particles being pushed together in 
compression axis due to the applied flow, increases in 21W with increasing shear rate indicate 
increases in structure alignment in the flow direction, as was observed in fig. 5.10. 
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Fig 5.12: Integrated Weighted factors (a) 0W  (b) 2W  (c) 4W  and (d) 21W , as a function of strain rate.  
snW  are used to predict the contribution of thermodynamic and hydrodynamic stress in the steady shear 
flow. In particular 21W  is associated with the thermodynamic stress while 0W  and 4W are associated with 
hydrodynamic stress through constants ,TC  and ,HC . The methods of finding these constants can be 
found in Gurnon & Wagner6 and their values have been listed in table 5.3. Here we briefly describe the 
equations used for calculation of the stresses:  
, 21
T
TC W  
    
      
    
    (5.23) 
The basis for eqn. (5.23) comes from eqn. (5.18). Since thermodynamic stress consists of only 2,1B
  as its 
microstructure term and it has been shown in eqn. A3 that 21W  is the only term that contains 2,1B
 , we can 
define thermodynamic stress as given in eqn. (5.23). As can be seen in fig. 5.13(a), the contribution of 
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thermodynamic stress increases with increasing stress but the contributions are weak. This is because 21W
depends on the deformation of microstructure, which saturates at higher strain rates and does not increase 
linearly with  .  Decreases in the thermodynamic stress are largely responsible for shear thinning, as is 
evident in fig. 5.13(b).  
The other important component of a steady shear experiment is the hydrodynamic stress. Since we do not 
observe any shear thickening, we can conclude that we can look at just the first-order contributions of the 
microstructure to the hydrodynamic stress. Now as described in eqn. (5.19), the microstructure contributor 
to the hydrodynamic stress are 0,0 2,0 2,2 4,0 4,2, , , , .....B B B B B
      , and eqn. A3 shows that 0W contains all of 
these terms. Additionally, 0W is higher in value than 4W at higher strain rates, where the hydrodynamic 
stresses are important. Thus, we approximate the hydrodynamic stress as:  
,H 02
H
f C W    
    
      
    
   (5.24) 
The result has been plotted in fig. 5.13(a). It can be seen that at higher strain rates, hydrodynamic stress are 
significantly higher than thermodynamic stress. It is also important to note that the sum of 
T 
 
 
 
 and 
H 
 
 
 
 shows excellent agreement with the stress measured during rheology experiments. Similarly, good 
agreement is found with relative viscosity plotted in fig. 5.13(b). These results are in agreement with the 
work of Gurnon and Wagner6. Here we wish to emphasize that the spherical harmonic coefficients derived 
from scattering experiments were used successfully to calculate the shear stress applied during a flow. 
Additionally, we can conclude from fig. 5.12 that all snW  increase with increasing shear rate except for 
2W which shows the opposite trend. These points are important in the following section studying the 
microstructure during oscillatory cycle. 
The constants , ,H,TC C    are independent of the applied shear rate and can be directly related to the parent 
equation connecting microstructure with thermodynamic and hydrodynamic stress. From eqn. (5.18) and 
eqn. (5.23), we get: 
,
30
T TC C

 
      (5.25) 
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Thus, the value of the thermodynamic coefficient increases in a linear manner with volume fraction as well 
as scaling on the constant TC that results of the assumption of equating  
*
2,1q B

  with 21W . Similarly, 
for hydrodynamic stress coefficient, by comparing eqns. (5.19) and (5.24), we find: 
,H 2.5 HC C       (5.26) 
HC  here again is the result of absorbing all complexities of interaction of flux vectors with different 
spherical harmonic coefficients into a single parameter of 0W . As such, the magnitudes of these coefficients 
are dependent on a series of approximations made in evaluating structural changes with shear rate.  Rather 
than focus on their magnitude, we prefer to note that they are independent of shear rate but will depend on 
how the structural averages are made. In addition, the shear rate independence of these coefficients 
emphasizes that the correct weighted averages of microstructure are being used to determine microstructural 
contributions linearly related to the stress 
Table 5.3: Thermodynamic and hydrodynamic stress coefficients calculated for steady and oscillatory shear 
 Steady shear 2.5rad/s    
,TC   42.6 10  Pa 42.2 10 Pa 
,HC  0.69   1.3  
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Fig 5.13: (a) Stress and (b) relative viscosity as a function of applied strain rate observed rheologically(
,r r   - black circles) and from SANS (using eqn (5.23) and (5.24)). The subscript ‘total’ refers to 
summation of thermodynamic and hydrodynamic functions calculated using microstructures.  
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5.3.2.2 Oscillatory Shear 
 
Fig 5.14: Scattering images for oscillatory shear experiments at bin 1, 8, 15, 22. Bin 1 and 15 have 0   
while the shear rate is at its maximum at bin 8 and 22 with the magnitude of 75 / s     
The evolution of microstructure during the oscillatory cycle can be seen in fig. 5.14. For the current work, 
probe frequency is of 2.5rad/sp  , De 0.02 . The strain amplitude for the current experiment is, 
0 30  (
0 71.5
cr


  ). From fig. 5.6, we know that the nonlinearities at high strains will be dominated by 
the first harmonic stress response indicating that for De<1 nonlinearities are driven by applied strain rate. 
In fig. 5.14, it can be seen that the microstructure changes its alignment as the direction of flow is reversed 
after bin 15. It can be inferred from visual observation that most microstructure changes, when compared 
to quiescent stage, are observed in  bin 8 and bin 22, which correspond to the maximum strain rates during 
an oscillatory cycle( 75 / s   ). This is in the first evidence we use to confirm our conclusions that 
nonlinearities are strain rate driven at low De.  
The microstructure observed during the oscillatory cycle was also expanded into its spherical harmonic 
component using eqn. (5.17). The weighted averages were calculated and have been plotted in fig. 5.15. 
The oscillatory cycle presents a unique challenge in studying this data. Every bin corresponds to a different 
strain rate and hence, it is difficult to make direct comparisons with each other or the quiescent stage. This 
difficulty is dealt away with by eliminating the q dependence from the data and plotting the integrated 
weighted average, nW  in fig. 5.16. 
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(a) (b)  
(c) (d)  
Fig 5.15: Weighted factors (a) W0 (b) W2 (c) W4 (d) W21 offset by 0.1, 0.001, 0.02 and 0.005 respectively 
starting bin 5, as a function of q for different bins under oscillatory shear 
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Fig 5.16: Integrated Weighted factors (a) W0 (b) W2 (c) W4 and (d) W21, during an oscillation, as a function 
of time.  
There are a few observations that can be made from fig. 5.16. 
1) 0W and 4W reach their maximum value for bin position 8 and 22 – which refers to the position of 
maximum strain rate during the oscillatory cycle. Thus, we can conclude that maximum change in 
microstructure, when compared to quiescent stage, occurs at maximum strain rate during an oscillatory 
cycle. This proves that the nonlinearities are strain rate driven at low De. We note that, as expected 0W  
is always positive independent of the sign of the shear rate as expected given it signals the coherence 
in the nearest neighbors.  
2) 0W is an order of magnitude higher than 2W and 4W . This implies that the first order stress response 
to applied strain is mostly hydrodynamic in nature for low De.  
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3) 21W though small, also shows most change in structure for bin 8 and 22. The similar values of 21W in 
these bin positions indicates that the flow reversal leads to almost equal response in microstructure.  
This indicates that, as expected, on the time constant of the experiment, there isn’t much stress history 
stored in the microstructure. 
 
Fig. 5.17: Stress observed rheologically (black line) and calculated from microstructure using eqn. (5.23) 
and (5.24)  for steady shear and oscillatory shear 
In order to use snW  to calculate the hydrodynamic and thermal stresses, we needed to predict the values of 
,TC  and ,HC . The main difference between steady shear and oscillatory shear stems from the fact that 
the instantaneous shear rate during oscillation is not proportional to the instantaneous shear stress – at 
maximum strain rate, the stress measured is not the maximum stress within a cycle unlike steady shear 
where stress increases with increasing strain rate. Also, the system has some residual stress with entropic 
origin. Alternatively, under steady shear, the stress goes to zero when the shear rate goes to zero. Thus, we 
would expect the microstructures under steady and oscillatory shear to be different. Having noted that, it is 
important to consider that at ~100 / s  under steady shear, the suspension shear thins. Under oscillatory 
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shear, the maximum shear rate achieved is max 75 / s   at which point, the suspension is again shear 
thinning. Thus it can be argued that in both cases, the thermodynamic contribution to stress is diminishing.  
We assume that at low De, the hydrodynamic stresses must be directly proportional to the applied strain 
rate, and almost independent of whether the flow is oscillatory or steady shear. It is to be noted that we 
could make this assumption because for this work, De=0.02. This assumption is perfect when De 0  as 
can be seen in fig. 5.4. Assuming this, we extract  ,H 1.3C  . Using this, we apply eqn. (5.24) to calculate 
the hydrodynamic stress in the oscillatory cycle. Next, we force the sum of thermal and hydrodynamic 
stress to match the rheologically calculated value at maximum strain rate. We do so because 0W  is the 
microstructural element associated with hydrodynamic stress which is maximum at maximum strain rate 
during an oscillatory cycle. This allows us to calculate the thermodynamic stress at maximum strain rate, 
which allows us to calculate ,TC  using eqn. (5.23). We find 
4
,T 2.2 10C   , which is very similar to the 
value we got found under steady shear. Given the approximations involved in moving from scattering 
patterns to stress, the similarity of the constants linking the W’s to stress in steady and oscillatory shear is 
gratifying.   
Plotting total stress: total T H    , we see a good agreement in between the total stress calculated from 
microstructure and the rheologically calculated stress. We stress here that this is the first time this method 
has been applied to oscillatory measurements of a dense colloidal suspension. Under steady shear as well 
as under oscillatory shear, the suspension shear thins, as can be seen from fig. 5.17. However, as a result of 
the oscillatory motion, is still some stored elastic energy at zero shear rate.  This result is captured in 
microstructural predictions of stress. This further authenticates the validity of our assumption on 
hydrodynamic stress and points out the limit that this assumption may be invalid at high De.  
5.4 Conclusion 
Steady and oscillatory flow conditions were applied on near hard sphere suspensions and the systems was 
studied both rheologically and structurally. The suspension shear thins under steady shear with increasing 
shear rate. At De=0.02 and 0 30  , the suspension shear thins and stores  energy during the oscillation. 
The structure was studied in the velocity-velocity gradient plane and showed increasing anisotropy in the 
flow direction with increasing strain rates. This was true for both steady and oscillatory shear. Expanding 
the microstructure using spherical harmonics, we were able to successfully demonstrate the harmonics that 
contribute to the hydrodynamic and thermal stresses under steady shear. For the first time, spherical 
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harmonics were used to predict the thermodynamic and hydrodynamic stress components for near hard 
sphere suspensions undergoing periodic strain. We find that for shear thinning suspensions, at high shear 
rates the hydrodynamic stresses dominate the stress transferred while  the observed shear thinning is results 
from decreases in the thermodynamic stresses. Given the uncertainties introduced in taking into account 
the average values of the spherical harmonics, the coefficients defining the linear relationship between 
stress and structural distortions are, gratifyingly, of nearly equal value under steady and oscillatory shear.  
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CHAPTER 6 
CONCLUSION 
The nonlinear rheology of silica based suspensions was studied. Particle sizes were chosen so that the flow 
properties of near glassy suspensions could be investigated in the low frequency terminal region, in the 
glassy plateau and as the high frequency terminal region was approached.  Suspensions studied had nano-
silica particles suspended in low molecular weight polymers that index match the particles.  In these systems 
polymer adsorbs to the particle surface. All suspensions were found to follow the volume fraction 
dependence of the zero shear rate viscosity of hard spheres when the volume fraction is adjusted for the 
adsorbed layer thickness of the polymer. With this adjustment, suspensions were found to have the volume 
fraction dependence and magnitude of the longest relaxation time predicted for hard spheres.  
In chapter 2, 44nm silica particles are suspended in polyethylene glycol (PEG) with a molecular weight of 
400 g/mol. Critical strains at which suspension storage and elastic moduli became nonlinear were shown to 
show universal scaling behavior when the applied frequency was normalized with the volume fraction 
dependent cross-over frequency, x  defined as the frequency that frequency where the linear storage and 
viscous modulus are equal and critical strains were normalized to the volume fraction dependent 
localization length derived by Schweizer and coworkers for hard sphere systems. This calculated 
localization length also predicts the plateau elastic modulus. These results show that particles are caged at 
volume fractions as low as 0.47 indicating that glass transition in dense colloids is a gradual process and 
not a sudden shift as is generally observed for gels.  Rather surprisingly the characteristic time for these 
suspensions is not the longest relaxation time but, the cross-over time, 1x x  . This time is a 
combination of the  or longest relaxation time and the  or cage relaxation time and shows a different 
volume fraction dependence that is observed for the longest relaxation time. Of significance here is the 
remarkable ability of Dynamic Localization Theory of Schweizer and coworkers to predict details of 
suspension mechanical properties. 
This result was tested by changing the solvent to polytetrahydrofuran (PTHF) with a molecular weight of 
250 g/mol in chapter 3. The solvent is chemically similar to PEG and the zero shear viscosity, longest 
relaxation times as well as the structure at rest were very similar to PEG based suspensions. However, the 
volume fraction dependence of the plateau elastic does not follow the suspension behavior observed for the 
same particles suspended in PEG. In chapter 3 the argument is made that solvent effects modulate the flow 
dynamics in short range, when the particles are at small separations (i.e., at distances of the localization 
length and smaller). These effects impact suspension modulus but not the longest relaxation time and the 
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zero shear rate viscosity. Critical strains are found to have scale on the length associated with the maximum 
restoring force, *R , predicted for the dynamic potential in Dynamic localization theory. Using *R  to 
normalize the volume fraction dependence of the critical strains created a universal behavior for both the 
PEG based and PTHF based suspensions. It is to be noted that both of these characteristics, *R and x , 
when the suspension chemistry is fixed, are functions of volume fraction only. 
In chapter 4, we pushed into the high frequency region and tested the flow dynamics of the suspension at 
large amplitude oscillatory stress for all De. Using the definitions of yielding strain ( y ) in the literature 
where    ; ;fix y fix yG G     with increasing strain, we show that our suspensions only yield in a 
limited frequency range. While yielding strain does tell us about the dominating viscoelastic behavior at a 
particular strain amplitude, it was found that the complete picture of nonlinear flow of the suspensions was 
realized only when they were studied through Lissajous curves and higher harmonic elastic and viscous 
stress responses and yield strain defined in this manner is a poor indicator of the microstructural properties 
of the suspension when studying the large amplitude oscillatory response. 
In order to better understand the change in microstructure of the suspensions under flow, small angle 
neutron scattering was done on silica-PEG based suspensions under steady shear and large amplitude 
oscillatory shear in the terminal low frequency regime. In chapter 5, scattering experiments were done in 
the velocity-velocity gradient (1-2) plane of shear of silica-PEG suspensions. A quick look at the scattering 
images did not show much difference in the microstructure under steady shear or oscillatory shear. To 
highlight the differences, the microstructure was expanded in 3D using spherical harmonics and its 
projection on the 1-2 plane were studied. The coefficients of these harmonics were then used to calculate 
the stress transfer from microstructure alignment under flow. The hydrodynamic and thermodynamic stress 
transfer of the suspension was successfully calculated. It was found that the observed shear thinning on 
increasing shear rate was due to the major drop in thermodynamic stress while the hydrodynamic viscosity 
stayed almost constant. Under oscillatory shear, where the shear rate moves from zero to a large value in a 
periodic manner, but in a frequency region where the terminal low frequency behavior is observed, we 
demonstrate that that in the terminal region, hydrodynamic stresses dominate the thermodynamic stress 
outside a small shear rate range. This was to be expected as the microstructure would lose some entropy 
due to changes in structure to accommodate for the stored elasticity during an oscillatory cycle. This is the 
first time, small angle neutron scattering has been successfully used to predict the net stress during an 
oscillatory cycle of near hard sphere suspensions. 
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We conclude that the flow dynamics of the suspensions of near hard spheres are  strongly dependent on the 
time-scale of observation and that dense suspensions show characteristics of being increasingly caged as 
suspension volume fraction is increased. For near hard sphere suspensions Dynamic localization theory 
provides very good predictions of zero shear rate steady shear viscosities, elasticities, longest relaxation 
times and cage sizes as characterized by the volume fraction of  critical strains.  For these suspensions, 
microstructures were directly linked to thermodynamic and hydrodynamic stress contributions for steady 
and oscillatory shear. At the same time, suspensions can show hard sphere zero shear rate viscosities, 
longest relaxation times and volume fraction dependencies as predicted by dynamic localization theories 
without replicating the volume fraction dependence of the plateau modulus. These results suggest chemical 
composition of the solvent can give rise to alterations in particle dynamics at small particle separations.   
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APPENDIX A 
EQUATIONS USED IN CALCULATION OF STRESS FROM MICROSTRUCTURE 
USING SPHERICAL HARMONICS 
Equations A1: Thermodynamic Stress 
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Equations A2: Hydrodynamic Stress 
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(a)           (b)      
(c)    
Fig. A1: Variation of (a) K (b) L (c) M as a function of distance from particle. 
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Equation A3: Weighted averages 
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